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I The theory of p-local compact groups, developed in |BL03| . is designed to give a unified 

O I framework in which to study the p-local homotopy theory of classifying spaces of compact 

Lie groups and p-compact groups, as well as some other families of a similar nature. It also 
includes, and in many aspects generalizes, the earlier theory of p-local finite groups. 

^ ■ Compact Lie groups, and the p-compact groups of Dwyer and Wilkerson |DW| . are ex- 

amples of loop spaces which are finite CW complexes, at least homologically. In this paper, 
we show that in fact, every homologically finite loop space X gives rise to a p-local compact 
^ I group, and thus enjoys all of the important properties shared by these spaces (see |BL03] 

■ for details). 

The key idea is very simple. If X is a finite loop space, then its group of components 
is finite, and its identity component is a connected finite loop space. As such, after p- 
completion in the sense of Bousfield and Kan |BK| . the identity component is a p-compact 



group. This leads us to investigate a much more general question: whether a space B with 
a finite regular covering E B, such that E is the classifying space of a p-local compact 
group, is itself the classifying space of a p-local compact group. 

Before stating our main theorem, we briefly describe the objects of study. Let Z/p°° 
denote the union of all Z/p"^ under the obvious inclusions. A discrete p-toral group is a 
group 5* containing a normal subgroup of the form {7j/p°°Y (r > 0) with p-power index. A 
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(saturated) fusion system over S* is a category whose objects are the subgroups of S, and 
whose morphisms are monomorphisms of groups which are required to satisfy certain axioms. 
We refer the reader to Section 1 (especially Definition 11.41 and Corollary II. 8p for details. 

Given a saturated fusion system J-" over S, a centric linking system associated to J-" is a 
category C whose objects are those subgroups of S which are J-'-centric (Definition 1 1.5 1) , and 
whose morphism sets are, in an appropriate sense, extensions of the corresponding morphism 
sets between the same objects in J-". This extra structure allows us to associate a "classifying 
space" to the fusion system in question. Thus a p-local compact group is a triple {S,J^,C), 
where S* is a discrete p-toral group, J-" is a saturated fusion system over S, and £ is a centric 
linking system associated to J-". The classifying space of a p-local compact group is the 
p-completion of the geometric realisation of its linking system. 

Our main theorem is the following. 

Theorem A. Assume that /: X y Y is a finite regular covering space with covering 

group G, where X is the classifying space of a p-local compact group (S**, J-"*, Then 
is the classifying space of a p-local compact group {S, C). 



Let p be a prime. A space Y is p-good if its p-completion Y^ is p-complete |BK| . A 
space Y is F^-finite if H^,(Y,¥p) is a finite dimensional Fp- vector space. In |DW) . Dwyer and 
Wilkerson define a p-compact group to be an Fp-finite loop space X whose classifying space 
BX is p-complete. In |BL03| . we show that every p-compact group X gives rise to a p-local 
compact group {S,J^, C) whose classifying space has the homotopy type of BX. 

Theorem B. Let X be any path connected space. Then for each prime p such that QX is 
¥p-finite, the space X^ has the homotopy type of the classifying space of a p-local compact 
group. In particular, this holds for each prime p if QX has the homotopy type of a finite 
complex. 

Proof. Fix a prime p such that QX is Fp-finite. In particular, Ho{QX, Fp) is finite, so vri(A) 
is a finite group, and hence X is p-good by |BKt §VII.5]. Set tt = 7ri(A), let X be the 
universal cover of X, and consider the following fibration: 

X ^X ^ Bn. 

Then QX is a connected component of QX, and hence is also Fp-finite. Applying fibrewise 
p-completion, we obtain a fibration 

X^^X Btx, 

where A^ is p-complete and ^X'^ is Fp-finite. Thus A^ is the classifying space of a ]> 
compact group. By |BL03[ Theorem 10.7], A^ is the classifying space of a p-local compact 



group. So by Theorem \^ A^ ~ A^ is the classifying space of a p-local compact group. 

In particular, if A is a path connected space such that VtX has the homotopy type of a 
finite CW complex, then this holds for A at all primes. □ 

The paper is organized as follows. We start in Section 1 with the basic definitions and 
general background on p-local compact groups. In Sections 2-4, certain constructions and 
results which are already known for p-local finite groups are generalized to the p-local com- 
pact case. In Section 5, we describe how to construct extensions of p-local compact groups 
algebraically, and in Section 6, we study a category Autiy^{C) which allows us to translate 
those results to a topological setting. Finally, in Section 7, we prove Theorem \^ We end 
the paper with an appendix where we collect necessary results on transporter systems over 
discrete p-toral groups. 
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Notation: When G and H are groups, H < G always means that if is a proper subgroup 

of G. Whenever F : C > D is a functor and c, c' G Ob(C), we write F^^c' for the restriction 

of F to Morc(c, c'), and write F^ = F^c- 

The authors wish to acknowledge support from the Universitat Autonoma de Barcelona, 
the Institute of Mathematics in Aberdeen and the University of Copenhagen for allowing the 
authors to meet and providing support at various times while this project was developing. 



1. Background on fusion and linking systems over discrete p-toral groups 

In this section, we collect the definitions and some basic facts on p-local compact groups 
which will be useful throughout the paper. We refer to |BL03] for more details on many of 
the results described here. 

Definition 1.1. A discrete p-torus is a group which is isomorphic to (Z/p°°)" for some 
finite n. A discrete p-toral group is a group P with a normal subgroup Pq ^ P such that 
Pq is a discrete p-torus and P/Pq is a finite p-group. The subgroup Pq will be called the 
identity component of P, and P will be called connected if P = Pq. Set 7io{P) = P/Po, 

and set rk(P) = n (the rank of P) if Pq = (Z/p°°)". The order of P is the pair \P\ =^ 
(rk(P), |7ro(P)|), regarded as an element o/N^ ordered lexicographically. 

Let ©ub(S') be the set of all subgroups of a (discrete p-toral) group S. For any group G 
and any H, K < G, HomdH, K) C Hom(iir, K) denotes the set of homomorphisms induced 
by conjugation in G. 

Definition 1.2. A fusion system J-" over a discrete p-toral group S is a category with 
Ob(J-') = &Xib{S), whose morphism sets Homjr(P, Q) satisfy the following conditions: 

(a) Hom5(P, Q) C Hom^(P, Q) C Inj(P, Q) for all P,Q E 6ub(5). 

(b) Every morphism in T factors as an isomorphism in T followed by an inclusion. 

With motivation from group theory, we make the following definition. 

Definition 1.3. Let T be a fusion system over a discrete p-toral group S . Two subgroups 
P,Q E &ub{S) are J-'-conjugate if they are isomorphic as objects of the category T . Let P-^ 
denote the set of all subgroups of S which are T-conjugate to P. 

We are now ready to recall the definition of saturation of a fusion system. 
Definition 1.4. Let T be a fusion system over a discrete p-toral group S . 

• A subgroup P < S is fully centralized in J-" if \Gs{P)\ > |C5((5)| for all Q G P"^. 

• A subgroup P < S is fully normalized in J-" if |A^5'(P)| > \Ns{Q)\ for all Q G P"^. 

• T is a saturated fusion system if the following three conditions hold: 

(I) For each P < S which is fully normalized in T , P is fully centralized in T , 
Outj-(P) IS finite, and Outs(P) G Sylp(Outj-(P)). 

(II) If P < S and if G HomjF(P, S) are such that ip{P) is fully centralized, and if we 
set 

K = {9e Ns{P) I % G Aut5(<^(P))}, 
then there is ip E Homjr(A''^, S) such that (f\p = ip. 
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(III) // -Pi < -P2 < -P3 < ■ ■ ■ is an increasing sequence of subgroups of S, with 
Poo = U^i ^n, o,nd if (fi & Hom(Poo7 S) is any homomorphism such that (f\p^ G 
Homjr(P„, 5") for all n, then if G Homjr(Poo; S). 

We next define certain classes of subgroups wliicli play an important role in generating 
the morphisms in a fusion system. 

Definition 1.5. Let be a fusion system over a discrete p-toral group S. A subgroup 
P G eub{S) IS J^-centric if Cs{Q) = Z{Q) for all Q e . A subgroup P G 6ub(5) is 

J^-radical z/ Out^(P) = Aut^(P)/Inn(P) is p-reduced; i.e., contains no nontrivial normal 
p-subgroup. Let F'^ denote the full subcategory of F whose objects are the J-'-centric subgroups 
ofS. 

In this paper it will be convenient to also use a different but equivalent definition of 
saturation, based on that due to Roberts and Shpectorov |RS] in the finite case. We recall 
their definitions. 

Definition 1.6. Let T be a fusion system over a p-group S . 

• A subgroup P < S is fully automized in T if the index of Auts{P) in Autjr(P) is finite 

and prime to p. 

• A subgroup P < S is receptive in T if it has the following property: for each Q < S and 

each ip G Iso_7r(Q,P), if we set = {g E Ns{Q) \ '''Cg G Aut5(P)}, then there is 
(p G HomjiN^p^ S) such that if\p = ip. 

In this terminology, axioms (I) and (II) in Definition 11.41 say that each fully normalized 
subgroup is fully centralized and fully automized, and each fully centralized subgroup is 
receptive. 

By definition, if P is fully automized in J-", then Autjr(P) is an extension of a discrete 
p-torus by a finite group. Hence it does contain maximal discrete p-toral subgroups, unique 
up to conjugation, which we regard as its Sylow p-subgroups. As usual, we let Sylp(Autjr(P)) 
denote the set of its Sylow p-subgroups. 

The next lemma describes the relation between these concepts and those already defined. 
Lemma 1.7. The following hold for any fusion system T over a discrete p-toral group S . 

(a) Every receptive subgroup of S is fully centralized. 

(b) If P < S is fully automized and receptive in T , then it is fully normalized. 

(c) If P < S is fully automized and receptive in T , and Q G P"^, then there is a morphism 
if G Yiom.jr{Ns(Q),Ns{P)) such that ip{Q) = P. 

Proof. The proofs are identical to those given in |RS| and |AKOt Lemma 1.2.6] in the finite 
case. A generalization of these statements will be proven in Lemma [2. 21 b elow . □ 

The following is an immediate consequence of Lemma 11.71 

Corollary 1.8. A fusion system T over a discrete p-toral group S is saturated if and only 
if 

• each subgroup of S is J^-conjugate to one which is fully automized and receptive in T ; 

and 

• axiom (III) holds for T: if P\ < P2 < ■■■ are subgroups of S , P = [J'^i Pi, and 

(f G Hom(P, S) is such that ip\p. G Homj-(Pj, S) for each i, then ip G Homjr(P, S). 
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When G is a finite group and "H is a set of subgroups of G, TniG) denotes the T-i-transporter 
category for G: OhiTuiG)) = "H, and ioi H, K E Ti, 

MoTr^^G){H, K) = {geG\m<K}. 

Definition 1.9. Let T be a fusion system over a discrete p-toral group S. Let H be a set of 

subgroups of S which is closed under J^-conjugacy and overgroups, and includes all subgroups 
which are J^-centric and J^-radical. An l-L-linking system associated to is a category L 
with object set "H, together with a pair of functors 

such that each object is isomorphic (in C) to one which is fully centralized in T , and such 
that the following conditions are satisfied: 

(A) The functor 6 is the identity on objects, and n is the inclusion on objects. For each 
P,Q & such that P is fully centralized in T , Gs{P) acts freely on Motc{P,Q) via 
6p and right composition, and ttp^q induces a bijection 

Moi c{P.Q)/Gs{P) ^ Hom^(P,g) . 

(B) For each P,Q E % and each g G Ns{P,Q), np^Q sends Sp^q^g) G Moyc{P,Q) to 
Cg e Hom^(P,g). 

(C) For all G Motc{P,Q) and all g G P, ipo5p{g) = 5Q{-n{:ip){g)) oip . 

A centric hnking system is an Oh{J^^) -linking system; i.e., a linking system whose objects 
are the J^-centric subgroups of S . 

When P < Q, we set Lpq = 5pq(1). The morphisms Lpq are regarded as the inclusions 
in £. 

Definition 1.10. A hnking triple is a triple of the form (5, J-", £), where S is a discrete 
p-toral group, is a saturated fusion system over S , and C is an l-L-linking system for some 
family H. A p- local compact group is a linking triple where C is a centric linking system. 

Definition 1.11. Let T be a fusion system over a discrete p-toral group S , and let H C 
6ub(S') be a family of subgroups. ThenH is closed in &ub{S) if for each increasing sequence 
Pi < P2 < P3 < ■ ■ ■ of subgroups in H, IJi^i ^■^ ^^■^^ ^■ 
LefH C 6ub(5') be a closed family. Then 

(a) J-" is "H-closed if for each sequence Pi < P2 < ■ ■ ■ in Ti with P = IJ^^ Pi, and each ho- 
momorphism (p G Hom(P, S) such that if\p^ G Homjr(Pj, S) for each i, ip & HomjF(P, S). 

(b) J-" is "H-generated if every morphism in is a composite of restrictions of morphisms 
in T between subgroups in 

(c) T is "H-saturated if it is Ti-closed and if every subgroup ofH is -conjugate to a subgroup 
which is fully automized and receptive. 

The following two results, both generalizations to discrete p-toral groups of well known 
properties of p-groups, will be useful. 

Lemma 1.12 ( [BL03t Lemma 1.8]). If P < Q are discrete p-toral groups, then P < Nq{P). 
Lemma 1.13. Let Q < P be discrete p-toral groups, where \P/Q\ < 00. Then the group 

[a G Aut(P) \ a\Q = Id, [a, P] < Q] 

is discrete p-toral. 
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Proof. Let A denote this group of automorphisms. For each a & A and each g & P, 
a{g) = gx{g) for some xid) ^ Q since [a,P] < Q, Cg = Ca{g) G Aut{Q) since ajg = Id, 
and hence xid) ^ Z{Q). Also, for a ^ Q, a{ga) = gxi.g)'^ = {,go)x{9) since a{a) = a and 

[a,x(5')] = 1, so x(5'a) = xid)- Thus a is determined by the map x- P/Q ^ Z{Q). The 

resulting injection A y Map(P/Q, Z{Q)) is a homomorphism, and so A is discrete p-toral 

since Map(P/g, Z{Q)) = Z{Q)\pI^\ is. □ 



2. NORMALIZER FUSION SUBSYSTEMS 

Let J-" be a fusion system over a discrete p-toral group S. For each Q < S and each 
K < Aut(Q), define 

Autf (Q) = Kn Aut^(g) 

Autf (Q) = Kn Aut5(Q) 
N^{Q) = {x e NsiQ) I c^. e /i } (the K-normalizer of Q in S"). 

Definition 2.1. Lei T be a fusion system over a discrete p-toral group S . Fix a subgroup 
Q < S and a group of automorphisms K < Aut{Q). 

• Q is fully /C-automized in J" z/Autf (Q) G Sylp(Autf (Q)). 

• Q is fully i^'-normalized in J-" if for each ip G Homjr(Q, S), 

\N'^m>\NT{^m\, 

where "^K = {ipaip~^ | a G Ji } < Aut{(p{Q)). 

• (Q) C is the fusion system over Ng (Q) where for P,R< Ng{Q), 

Hom^K-(Q)(P, R) = [ipe Hom^(P, P) | 3 ^ G Hom^(Pg, RQ) 

with ip\p = if, ip{Q) = Q, and G A"}. 

As special cases of the above definition, set N^{Q) = N^''^^^\Q) and C^{Q) = N^^^Q): 
the normalizer and centralizer fusion systems, respectively, of Q. 

The next lemma is a generalization of results in |RS] to fusion systems over discrete p-toral 
groups. 

Lemma 2.2. Let J-' be a fusion system over a discrete p-toral group S, and let V be an 
J-'-conjugacy class of subgroups of S. Assume either that T is saturated, or (more generally) 
that V contains a subgroup which is fully automized and receptive in T . Then the following 
hold for each P G P and each K < Aut(P). 

(a) The subgroup P is fully centralized if and only if it is receptive. 

(b) The subgroup P is fully K -normalized if and only if it is fully K -automized and receptive. 
In this case, for each Q E V and each (f G Isoj-(Q,P), there are x G Aut;^(P) and 
^ G Rom^iN^" {Q)-Q, {P)-P) such that = x° V'- 

Proof, (a) For fusion systems over finite p-groups, this is shown in |RSt Propositions 3.7 
& 4.6] and in |AKOt Lemma 1.2.6(c)]. Those proofs carry over unchanged to the discrete 
p-toial case. 
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(b) Assume P is fully ii'-automized and receptive in J-". Fix Q ^ V and (f G Isojf(Q,P). 
Tlienmutl'^(Q) is a discrete p-toral subgroup of Autf (P),and since P is fully i^'-automized, 
there is x e Autf (P) such that ^^Autf ^(Q) < Autf (P). Note that K'^ = K^'^ since K. 

Set i/j = x° ^- Then '^Ant^''' (Q) < Aut^(P), and since P is receptive, there is a morphism 
^ e Hom^(iVf'*(Q)-Q,iVf (P)-P) which extends ^j. In particular, |iVf^(Q)| = \N^^ {Q)\ < 
\-^si^)\- Since Q and (^9 were arbitrary, this proves that P is fully ii'-normalized in J-". 

Now assume P is fully i^-normalized. Fix R E V and G Isoj-(P, P) such that R is 
fully automized and receptive in J-'. Fix T G Sylp(Autj^(P)) such that T > ''Aut;^(P). 
Since R is fully automized, there is a G Autjr(P) such that °T < Aut5(P). Set if = 
aoip. Then '^AutJ(P) < °T < Aut5(P), and since R is receptive, ip extends to G 
Hom^ (iV|^(P)-P,iV5(P)), where Im(^) < Ng'^iR). 

Consider the following commutative diagram 

1 > Cs{P) > iVj^(P) > Autf (P) > 1 

1 > Cs{R) > Ks<{R) > Aut5^(P) > 1 

where the rows are exact and all vertical maps are monomorphisms. Since P is fully 
fsT-normalized, ^(A^f (P)) = Ng^^R), and hence if{Cs{P)) = Cs{R) and ^Autf(P) = 
Ant^J^{R). Thus P is receptive by (a) (and since R is receptive). 

Now, T G Sylp(AutJ^(P)) by assumption, so G Sylp(Aut^^(P)). Also, °T < Auts(P), 
and hence T = Aut5^(P). Thus Autf (P) G Sylp(Autf (P)), so P is fully i^-automized, 
and this finishes the proof of (b). □ 

The main result in this section is that normalizer fusion subsystems over discrete p-toral 
groups are saturated. The proof given here is modelled on that of |AKOt Theorem 1.5.5]. 

Theorem 2.3. Fix a saturated fusion system T over a discrete p-toral group S. Assume 
Q < S and K < Aut(Q) are such that Q is fully K-normalized in T . Then N^{Q) is a 
saturated fusion system over Ng{Q). 

Proof Set S+ = N^iQ) and = N^{Q) for short. For each P < 5+, set 
Kp= [ae Aut(Pg) I a(P) = P, a{Q) = Q, ajg G K}. 
We need to show the following statements. 

(a) Each subgroup of is J-'+-conjugate to a subgroup P such that PQ is fully Kp- 
normalized in J-". 

(b) If P < 5*+ and PQ is fully i^'p-normalized in J-', then P is fully automized in 

(c) If P < 5*+ and PQ is fully ii'p-normalized in J-", then P is receptive in 

(d) Axiom (III) holds for N^{Q). 

The theorem will then follow immediately from Corollarv 11.81 

The proofs of (a), (b), and (c) are identical to the corresponding proofs in |AKOt Theorem 
1.5.5] (which is stated for fusion systems over finite p-groups). It remains to prove (d). 

Fix subgroups Pi < P2 < P3 < ■ ■ ■ < S+, and set P = Ui^i ^i- Assume ip G Hom(P, 5'+) 

is such that (fi =^ if\p- G Homjr^(Pj, S+) for each i. 



8 



CARLES BROTO, RAN LEVI, AND BOB OLIVER 



For each i, set 

x, = {^e Hom^(P,g, S) \^\p^ = ip,, ^(Q) = g, e J^} ^ , 

and let Xi be the image of Xi in Kepjr{PiQ,S) (equivalently, the set of Cs(Pi)-conjugacy 
classes of morphisms in X^). Since Kepjr{PiQ, S) is finite by |BL03l Lemma 2.5], so is 

Xi. There are natural restriction maps Xi y and since the sets are finite and 

nonempty, the inverse limit is nonempty. Fix an element ([V'j])"^^^ in the inverse limit. 
Thus ipi e Eomjr{PiQ,S), tpi\p^ = ipi, ipilq e K, and Cg^_^ o V'j|Pi-iQ = ^i-i for some 
Qi-i e Cs{Pi-i). 

Since S is artinian (cf. |BL03t Proposition 1.2]), there is such that Cs{Pi) = Cs{P) 
for each i > N. For each i > N, set ip[ = Cg^ o Cg^^-^ o ■ ■ ■ o Cg._^ o ipi. Then 'ip'i\pi_^ = "^Aj'.i, 
and ip'i\pi = fi- Set ip' = IJi^i i^'i- Then ip' G Homjr(PQ, S) by axiom (III) for J^, ip'lp = (p, 
^'Iq = "ipNlq e K, and so <^ G Homjr_^(P, S). □ 

The following is one easy application of Theorem 12.31 

Lemma 2.4. Let T be a saturated fusion system over a discrete p-toral group S . Assume 
Q ^ P < S , where Q is F-centric. Let yj, p' G Homj-(P, S) he such that lp\q = ip'lg. Then 
there is x & Z{Q) such that if' = if oCx- 

Proof. Since ip o Cg = c^(^g-^ o ip for each g E Q, it suffices to show that ip' = Cy o ip for some 
y G Z{ip{Q)). Upon replacing P by if'{P), Q by ip{Q) = f'{Q), and ip hj ip o {ip')~^, we can 
assume that ip' = inclp and iflq = Idg. We must show that ip = Cx for some x G Z{Q). 

Set K = Ant p(Q). Since Q is J-'-centric, it is fully centralized. Since Aut^{Q) = 
Aut5(Q) = i^', Q is fully /T-automized, and hence fully K-normalized by Lemma [2.2( a.b). 
Hence by Theorem 12. 3[ the normalizer subsystem N^{Q) over Ng{Q) = P-Cs{Q) = P is 
saturated. Also, since ip\Q = Id, Aut^(^p-){Q) = Autp{Q) = K. Thus f){P) < Ng{Q), and 
ip G Mot{N^{Q)). Set Jo = N^iQ) for short. 

It thus suffices to prove that J-'q = Tp{P). Assume otherwise: then by |BL03l Theorem 
3.6], there is P < P such that Op(AutjFo(P)) = 1, and in particular, such that Autjrg(P) 
is not a j>-group. By definition of J-'q, we can assume that R > Q. Hence there is Id ^ 
a G Autjro(P) which has finite order prime to p. Since K is a discrete p-toral group and 
alq G K, a\Q = Idg. Hence for g E R, g and a{g) have the same conjugation action on 
Q, and g~^a{g) G Cr{Q) < Q. Thus a induces the identity on R/Q, so by |BL03| Lemma 



1.7(a)], each a-orbit in R has p-power order. This contradicts the assumption that a 7^ Id 
has order prime to p, so J-q = J-p(P), and this finishes the proof. □ 

We will need the following application of Lemma 12.41 

Lemma 2.5. Let T be a saturated fusion system over a discrete p-toral group S . Then for 
each P < S, the set of S-conjugacy classes of fully normalized subgroups -conjugate to P 
is finite of order prime to p. 

Proof. Since the conclusion depends only on the J-'-conjugacy class of P, we can assume that 
P is fully normalized. 

Let Repjr(P, 5)^ C Repjr(P, 5*) be the subset consisting of all classes of homomorphisms 
whose image is fully centralized. Recall that Repjr(P, S) is finite by |BL03[ Lemma 2.5]. 

Step 1: Assume first that P is J-'-centric. We first prove that Repjr(P, 5*)^ = Repjr(P, S) 
has order prime to p in this case. 
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Recall from |BL03t § 3] that there is a functor (P i— t- P') from T to itself, with the 
properties that P' > P for each P < S, {P')' = P', and the image J-"* of the functor 
contains finitely many S'-conjugacy classes. (We will be studying this functor in more detail 
in the next section.) 

Let P = Po < ^1 < ^2 < • • • < = 5* be such that Pi = NgiPi-i)' for each i. 
The sequence is finite since there are only finitely many conjugacy classes in J-"* (and since 
Ns{Pi) > Pi whenever Pj < S* by Lemma [1.12p . Fix < z < m, and consider the restriction 
map 

Res: RepANsiP^),S) > Rep^(P„5). 

This is injective by Lemma [531 and 0ut5(Pj) = Ns{Pi)/ Pi 7^ 1 is a finite p-group by |BL03| 
Proposition L5(c)]. Let Q/Pi be the stabilizer subgroup of G Repjr(Pj, S*) under the 
action of Ns{Pi)/Pi; then ip extends to an J-'-morphism on Q by axiom (II) in Definition 
11.41 Thus Im(Res) is the fixed subset for the iV5(Pj) /Pj-action, and hence |Repjr(Pi, S*)! = 
|Rep^(iV5(P,),5)| (modp). 

By |BL03[ Proposition 3.3], each G Homjr(A^5'(Pj), S") extends to a unique morphism 
"0* e B.omjr[Ns{Pi)' , S). Thus restriction defines a bijection from B.omjr[Ns{Pi)' , S) to 
}iomjr[Ns{Pi), S), and hence (after dividing out by the conjugation action of S) from 
Rep^(iV5(P0*,^) to Rep^(iV5(P,),^). In other words, |Rep^(P,,5)| = |Rep^(P,+i, 5)| 
(mod p). Thus 

|Rep^(P,5)| = |Rep^(Po,5)| = |Rep^(P^,S)| = |0ut^(5)|, 
where |0utjr(5')| is prime to p by axiom (I) in Definition IL4[ 

Step 2: Now assume P < S* is not J-'-centric; we claim that |Repjr(P, 5')fc| is prime to p. 

Set 

r = {7 G Aut^(PC5(P)) I 7|p = Wp} and T = Ant c^^p){PCs{P)) < F . 

Then F = Antc^(^p){Cs{P)) and T = Inn(C<j(P)) via restriction to Cs(P), so T G Sylp(F). 

Now F/T < 0ut^(PC5(P)) acts on Rep_^(PC5(P), ^) by right composition. If ^ G 
Homjr (PCs' (P), S") and 7 G F are such that [ip] = [ip o in Rep jr(PC5 (P), S"), then 
there is g & S such that ip = Cg o p o 'j, so p = p o 7^" for some n, hence I7I is a 
power of p, and 7 G T. Thus the F/T-action on Rep (PCs (P), S") is free. The restric- 
tion map from Repjr(PCs(P), S*) to Repjr(P, S')fc is surjective by axiom (II), and the in- 
verse image of any G Repjr(P, 5*)^ is one of the F/T-orbits. Thus |Repjr(P, 5')fc| = 
|Rep^ (PCs (P), 5) I /|F/T I . Since |Rep^(PCs(P), 5)| is prime to p by Step 1, |Rep^(P, ^)fc| 
is also prime to p. 

Step 3: We are now ready to prove the lemma. Let Vfc be the set of S'-conjugacy classes 
of subgroups fully centralized in J-" and J-'-conjugate to P, and let Vfn ^ Vfc be the subset 

of classes of fully normalized subgroups. Let p: Rep jr(P, S')fc > Vfc be the map which 

sends the class of p to the class of p{P)- 

Let A^l |Outjr(P)| be the largest divisor prime to p. For each Q G P"^ such that [Q] G 
Vfc, |p"H[<5])l = |Aut^(Q)|/|Auts(Q)|. Thus p\\p~^iQ)\ if Q is not fully normalized, and 
\P~^iQ)\ = N a Q is fully normalized. So |p~^(Pfn)| = |Repj-(P, 5')fc| (mod p), hence is 
prime to p by Steps 1 and 2; and thus \Vfn\ = \p^^(Vfn)\/N is also prime to p. □ 
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3. The "bullet" construction 

The bullet construction plays an important role in the theory of p-local compact groups, 
and is studied at length in |BL03l Sec. 3]. However, in that paper, we always assumed that 
the ambient fusion system is saturated. In this one, we will need some of these properties to 
prove saturation in certain situations, and hence must know them in a more general setting. 
We start by recalling the definition. 

Definition 3.1. Fix a discrete p-toral group S, set T = Sq, and let W < Aut(T) be a 
subgroup which contains Aut5(T). Let m > be such that exp{S/T) = p^ . 

• For each A<T, set I{A) = Ct{Cw{A)) = {t e T \ w{t) = t,\/we Cw{A)} > A. 

• For each P < S, set = (^p™ \ g eP), and set P' = P-I{P^'^%. 

• Let P,Q < S and (p G Inj(P, Q) be such that ip\pim] = w\p[rr,] for some w G W . Then 

Lf' : P* )■ Q* denotes the unique map of sets, if it exists, such that ip*{gh) = 

ip{g)w{h) for each g e P and h G /(P'"'^. 

Note that the definition of P* for P < S depends only on S and on the choice of a 
subgroup W < Aut(5'o). For any fusion system J-" over S, we associate to J-" the construction 
(P ^ P') with W = Autj-(^o), and set J^' = { P* | P < 5 }. 

We will show later that under certain additional conditions, the map (f' is defined and a 
homomorphism for each morphism (p. 

Lemma 3.2. Let T be a fusion system over a discrete p-toral group S . Then 

(a) P < Q < S implies P' < Q* , and 

(b) P < S implies (P*)' = P* and Ns{P) < Ns{P'). 
The following also hold if Ant jr[So) is finite. 

(c) The set contains finitely many S-conjugacy classes. 

(d) Assume Pi < P2 < ■ ■ ■ are subgroups of S , and P = IJi^i ^i- Then there is N > such 
that Pi* = P* for each i> N. 

Proof. By definition, the function P ^ P' depends only on Aut_7r(S'o) (and on 5"). Hence 
(a), (b), and (c) hold by exactly the same arguments as those used to prove them in |BL03l 
Lemma 3.2]. The only exception is the last statement in (b) (not shown in |BL03| ). which 
follows since for g G Ns{P), g G NsiP^"^^), and hence g G A^5(J(p[""])). Note that the 
assumption |Aut_7r(S'o)| < 00 is needed to prove (c). 

In the situation of (d), we have Pi* < P2* < ■ ■ ■ by (a), and this sequence contains only 
finitely many subgroups by (c). Thus there are > and Q < S such that Pj* = Q for each 
i> N. In particular, P = Pi <Q, so P* < Q* = Q by (a) and (b). Since Pi* < P* for 
each i by (a) again, this shows that P' = Q = Pi' for i > N. □ 

While we do not assume here that fusion systems are saturated, we will, in most cases, 
assume the following condition on a fusion system J-": 

for each P < Sq and each ip G Homjr(P, 5*0), = w\p for some w G Autjr(S'o). (*) 

By |BL03t Lemma 2.4(b)], (*) always holds if J-" is saturated. 

Lemma 3.3. Let T be a fusion system over a discrete p-toral group S such that T satisfies 
(*). Then for each P < S and each (p G Homjr(P*, S), y^{P*) = V'(P)* G J-"*. In particular, 
is invariant under T-conjugacy. 
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Proof. Let m be such that = exp(^/S'o), and set W = Ant^{So). Set Q = ip{P). We 
must show that ^{P*) = Q* ■ 

Set i? = P* n 5*0 n v9~^(S'o). Thus R is the largest subgroup of P* such that R and ^{R) 
are both contained in 5*0. By (*), there is w G Autjr(S'o) such that = w\r. In particular, 
M;(pM) = gM^ so w;Cvy(pH)y;-i = Cv^IQ'™'), and w sends /(pH) = CrlCvKlPt'"')) 
isomorphically to /(gt™!). Also, (^(/(pH)^) < Sq since it is connected, so /(pf'^l)o < P and 

(/^(j(pH)o) = m;(j(pM)o) = j(gH)o. So ^(P*) = gv □ 

Throughout the rest of the section, we need to consider the following condition on a fusion 
system J-" over a discrete p-toral group 5*: 

for each P < S and each ip G Homjr(P, 6*0), 

(**) 

there exists (f G HomjF(P-C5(P)o, 5*0) such that ip\p = ip. 
As will be seen in the next lemma, this is a stronger version of (*). 

Lemma 3.4. Fix a fusion system T over a discrete p-toral group S which satisfies (**). 
Then the following hold. 

(a) The fusion system T satisfies condition (*). 

(b) For each P,R < Sq such that P < R < P-I{P)q, each w G W , and each ip G 
Homj-(P, S) such that ip\p = w\p, ip{R) < Sq and ip = w\p. 

(c) For each P,Q < S and each ip G Hom_7r(P, Q), pf is defined and (f' G Hom(P*, Q*). 

(d) Assume P < Q < P', (fi G Homjr(P, S), and Ip G Hom^(g, S) are such that tp = Ip\p. 
Then Ip = p>'\q. 

Proof. Set W = Autjr(S'o). Let m be such that = exp(5'/S'o). 

(a) For each P < Sq and p> G Homjr(P, Sq), p> extends to w E Autjr(5'o) by (**). 

(b) Let P < So, P < P < P-/(P)o, w eW, andtp e Hom^(P, S) be as above. Set P, = 
tp{P) = w{P) and P* = tp{R). Then P* < R^, are abelian, so each element of Autij, (5*0) < W 
acts via the identity on P*, and hence via the identity on /(P*). In other words, [/(P*), P*] = 
1. By (**), tp^'^ G Isoj-(P^,,P) extends to a morphisni x ^ Homj-(P^,-/(P^,)o, So). 

Now, xiP*) = P, and x\p, = ^"V. = ^"V*- Also, x\p,-i{p,)o = «|p,/(p.)o some 
u E W hj (a), u\p^ = w~^\p^, and hence m|7(p,) = w^~"'^|/(p,) by definition of /(— ). Thus 
x|p. /{P,)o = ^~^|p.--f(P.)o' and so x(-P*--^(-P*)o) = P-I{P)o > R- Since x is injective and 
x{R*) = R, this implies that P* < P*-/(P*)o < Sq and ip = (xIpJ""^ = 

(c) Fix a morphism ip G Homjr(P, g), and let w E W be such that p\p[m] = w\pim]. Set 
R = pM.(pn/(p[™l)o)- Then PH < P < PH./(pM)q^ and (b) implies (^j^j = w\r. Hence 

P* y Q* is well defined as a map of sets by the formula p*{gh) = p{g)w{h) for all 

g eP anAhe /(P'^Oo. 

To prove that p* is a homomorphism, it remains to show that w{ghg~^) = p){g)w{h)p){g)~^ 
for all (7 G P and h G /(Pt'"^. Set m = 0'^^^^ oWoCg G VT; we must show that M|j(p[m]-)g = 
^l/(pM)o- I^ut u|p[m] = u^|p[m] since v^Ipm = t^lpM, and so n|j(p[m]) = w|j(-p[m]) by definition 
of J(-). 

(d) Fix P, g < 5 such that P < Q < P' . Assume ^p G Hom^(P, S) and ^ G Homj-(g, 5) 
are such that p> = (p\p. Set R = P'™' and g' = g n P-/(P)o. By definition, </?*|p./(p)o = 
w\r-HR)o for any w G such that p)\p = w\r. By (b), p\q> = w\q> = p'\q'. Since 

g = gnp' = gn (p-/(p)o) = P-iQ n p-/(p)o) = pg' 
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and </?|p = this proves that (f = (f'lq. □ 

Lemma 13.4( c) allows us to extend each ip G Homj-(P, Q) to a homomorphism ip' G 
Hom(P*,Q'). In the next lemma, we add some more hypotheses, enough to ensure that 
(f' e Mor(J'). 

Lemma 3.5. Fix a fusion system T over a discrete p-toral group S . Let be a family of 
subgroups of S invariant under J^-conjugacy. Assume the following: 

(i) Aut 7^(50) is finite. 

(ii) J-" satisfies (**). 

(iii) For all P e U and P < Q < P* , Q e H. 

(iv) J-" is H-generated and Ti-saturated. 
Then the following hold. 

(a) For each (p G Mor(J'), (p' G Mor(J'). 

(b) //, in addition, 1-L ^ % is also invariant under T-conjugacy, and is such that P G "H 
implies P* G H, then T is H,- saturated. 

Proof, (a) Fix (p G Homj-(P, Q); we must show ip* G Homjr(P*, Q*). It suffices to do 
this when (p is an isomorphism. Since J-" is "H-generated, </) is a composite of isomorphisms 
which are restrictions of J-'-isomorphisms between subgroups in "H. So it suffices to consider 
the case where (p extends to ^ G Isojr(P, Q) for some P,Q E Ti. If ip' G Mor(J^), then 
(p' G Mor(J^) since it is a restriction of Lp'. It thus suffices to prove (a) when P and Q are 
in-H. 

By axiom (III), which holds by hypothesis for all subgroups in T-L, there is a subgroup 

P' < P* containing P which is maximal among subgroups of P* satisfying ip' =^ V^*|p' G 
Hom^(P',g'). Assume P' < P*, and set Q' = <p'{P'). 

Since P,Q eH, and since P < P' < P* and Q < < Q', P', Q' & H hy (iii). Since T 
is "H-saturated, there are R' < S and ip' G Isojr(Q', R') such that R' is receptive in J-". Set 
R = tp'[Q) and %l) = i/j'Iq G Iso^(Q,P). By Lemma^d), ip' = iP'\q,, and ?/^V = (V'</?)*|p'. 
We thus have isomorphisms of triples 

(P- > P' > P) J^^l^ (g- >Q'>Q) J^l^^j^ (i?. > p' > p) . 

Set P" = Np.{P') and Q" = Nq.{Q'). Since P* > P', P" > P' and > Q' by 
Lemma IL12I Also, N^p/ > Q" and A'^/,^/ > P" since there are (abstract) homomorphisms 
which extend ip' to Q" and -i/^'c/?' to P". Hence ip' and V'V extend to homomorphisms 
Ip" G Homjr(Q", S*) and x" G Homjr(P", S), and '0" = i^'lg" and x" = ('^V^)*|p" by Lemma 
im^d) again. So ip"{Q") = x"{P") = Nr.{R'), and ^'Ip. = {^")-\" is a morphism in J", 
which contradicts the maximality of P'. We now conclude that P' = P", and hence that 

(^•Giso^(P',g'). 

(b) We are assuming J-" is "H-saturated, and want to show it is "H-saturated. Fix P in T-i^H. 
Thus P* G "H by assumption. Choose R which is J-'-conjugate to P*, and receptive and fully 
automized. Fix ip G Isojr(P*,P) and set Q = </?(P). By Lemma [3.4( d). ip = {ip\p)', and so 
Q- = R. 

Set = |a G Autjr((5*) | a{Q) = Q}. Since Q* = R is fully automized, Aut5((5*) G 
Sylp(Autjr((5*))- Thus H acts by translation on Autjr((5*)/Aut5'((5*), a finite set of order 
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prime to p, and there is /3 G Antjr[Q*) such that the coset l3~^Auts{Q') is in an if-orbit 
of order prime to p. In other words, the stabihzer subgroup /3~^Aut5((5*)/3 H H has index 
prime to p in H, and thus hes in Sylp{H). 

By (a) (and the definition of H), restriction to Q sends f5H[5~^ surjectively onto Kuijr[[i{Q)). 
Also, Aut5(/3((5)) is the image of Aut5((5*) l~l PHP~^ under this surjection, and hence is a 
Sylow p-subgroup in Antjr(/3(Q)). Thus l3{Q) is fully automized. (Note that [5{Q)' = Q' .) 

For any R G P"^ = Q'^ and any ip G lsojr(/2, Q), A''^ < A"^.: if ipcgip'^ = Ch E kMts{Q), 
then ip*Cgip'~^ = Ch ^ Auts{Q*) by Lemma [3.2( d). Hence Q and /3(Q) are both receptive 
in J-" since Q' is. Thus the conjugacy class P-^ contains a subgroup which is receptive and 
fully automized. 

Assume P^o = [j'^iPi, where {Pi} is an increasing sequence of subgroups in "H. Fix 
(f G HomjF(Poo! 5') such that (f\p^ G B.om jr[Pi, S) for each i. By Lemma [3.2( d). for i large 
enough, P* = P^. By Lemma [3.4( d). if is the restriction of {if\p-)', which is in J-" by (a). 
So (/3 G HomjF(Poo7 S). □ 



4. Centric and radical subgroups determine saturation 

The main result in this section is Theorem 14. 2[ which gives sufficient conditions for a 
fusion system over a discrete p-toral group to be saturated. 

We will frequently refer to the conditions (*) and (**) of Section 3, which we recall here: 
V P < So, V G Homjr(P, 5*0), (p = w\p for some w G AutjF(S'o). (*) 

V P < 5 and ^ G Hom^(P, 5*0), 3 ^ G Hom^(P-Cs(P)o, ^o) with ^\p = ip. (**) 
By Lemma [3.4( a). condition (**) implies (*). 
The following finiteness result will be needed. 

Lemma 4.1. Let T be a fusion system over a discrete p-toral group S such that Autjr(S'o) is 
finite and (*) holds. Then for each P < S , there are only finitely many S-conjugacy classes 
of subgroups of S which are J-'-conjugate to P. 

Proof. By (*) and since |Aut 77(5*0)1 < 00, Po'^ is finite. By |BL03| Lemma 1.4(a)], for each 
R G Po"^, there are only finitely many A^5(P)/P-conjugacy classes of finite subgroups of 
Ns{R)/R of any given order. (Compare |BL03| Lemma 2.5].) □ 

The main result in this section is the following theorem. We refer to Definition 11.111 for 
the definitions of "H-saturated and "H-generated fusion systems. 

Theorem 4.2. Fix a fusion system T over a discrete p-toral group S such that Autj-(S'o) 
is finite and condition (**) holds. Let H be a family of subgroups of S which satisfies the 
following: 

(i) "H is invariant under T-conjugacy. 

(ii) H is closed in &ub{S), and T is l-i-generated and H-saturated. 

(iii) For all P eH and P < Q < P' , Q e H. 

(iv) If P E T* is T -centric and P ^H,, then there is Q & P^ such that 

Op(Out^(Q)) n Onis{Q) ^ 1. 

Then T is saturated. 
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Theorem 14.21 will be shown by following as closely as possible the proof of |BCGLO"T| 
Theorem 2.2]. The main difference is that since a discrete p-toral group can have infinitely 
many subgroups, the induction arguments used in |BCGLO"T] cannot be used here. But the 
beginning steps are mostly unchanged: they are based on the concept of proper V -pairs for 
an J-'-conjugacy class V of subgroups of S. 

Definition 4.3. Let J-" be a fusion system over a discrete p-toral group S, and let V be an 
J^-conjugacy class of subgroups of S . 

• A proper P-pair is a pair of subgroups [Q, P) such that P < Q < Ns{P) and P eV. 

• Two proper V-pairs {Q, P) and {Q', P') are J-'-conjugate if there is an isomorphism 

if G lsojr[Q,Q') such that if{P) = P' ■ We let {Q,P)-^ denote the set of proper 
V-pairs which are -conjugate to {Q,P). 

• A proper V -pair {Q, P) zs fully normalized z/|A^Ar^(P)(Q)| > \NNg(^pi-^(^Q')\ for all {Q' , P') G 

iQ,pr- 

Some basic properties of proper P-pairs are shown in the following lemma. 

Lemma 4.4. Fix a fusion system T over a discrete p-toral group S . Assume "H C ©ub(S') 
is closed, and invariant under J^-conjugacy. Assume also that T is 1-i-generated and 
saturated. Let V be an T-conjugacy class of subgroups of S , maximal among those not in 

n. 

(a) // {Q, P) is a fully normalized proper V-pair, then Q is receptive in T and 

AutArg(p)((5) G Sylp(AutAr^(p)((5)). 

(b) For each proper V-pair {Q,P), and each {Q',P') G {Q,P)^ which is fully normalized, 
there is a morphism 

^ eYLoT^r{NMs(P){Q).Ns{P')) 
such that ip{P) = P' and ip{Q) = Q' . 

(c) Assume that AutjF(S'o) is finite, condition (**) holds, and P & Ti, P < Q < P' imply 
Q E l-i. Then for each P, P E V such that P is fully normalized in T, there is a 
morphism ip G Homjr(A'^s'(P), A^5'(P)) such that ^p{P) = P. 

Proof, (a) For each proper P-pair {Q,P), define 

Kp = {^e Aut(g) I ^(P) = P}< Aut(Q) . 

Notice that 

Autf^(g) = Aut5(g) nKp = Autjvs(P)(g) 

Aut;^'^(g) = Aut^(g) nKp = Aut;v^(p)(g) 
N^^iQ) = N^,^P)iQ). (2) 

Assume the pair {Q,P) is fully normalized. Fix Q' G g"^ and a G Isojr(g,g'), and set 
P' = a(P). Then {Q',P') G {Q,P)^, and 

"Kp = Kp, = {ip G Aut(g') I ip{P') = P'}. 

Hence by ([2]), 

iN^'-m = \NNs(P)m > \NNsiP')iQ')\ = Ws'-'mi = 
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and so Q is fully J'^p-normalized in J-". By Lemma I2.2l!f b| (and since Q ^ H and J-" is 
"H-saturated), Q is receptive and fully J^p-automized in J-". So by ([1]), 

AutArg(p)((5) e Sylp(AutAr^(p)((5)). 

(b) Let (Q, P), and (Q', P') E {Q, P)^, be proper P-pairs such that {Q', P') is fully normal- 
ized. Let Kp < Aut((5) and Kpi < Aut{Q') be as in (a). Since {Q',P') is fully normalized, 
Q' is receptive and fully i^pz-automized by (a). 

Choose some tp G lsojr(Q,Q') such that tp{P) = P' . By Lemma 12.2( b). there are x ^ 
AutJ^'(g') and ^ G Homj-(iV^^(Q),iVf^'(Q')) such that (^|q = x ° V'- Then (^(P) = 
X(P') = P', ^(g) = g', and A^^^(g) = A^^s(P)(Q) and N^^' {Q') = iV^s(P')(Q') by ©• 

(c) Fix subgroups P, P E V such that P is fully normalized in J-'. We will construct a 
morphism in J-" from Ns{P) to Ns{P) which sends P to P. In particular, P will be fully 
centralized in J-", since its centralizer contains an injective image of the centralizer of any 
other subgroup in V. 

Let T be the set of all sequences 

^={P = Po,go,v5o;-Pi,gi,v^i; • • . ;P/t-i,gfc-i,v5fc-i;Pfc = P) (3) 

such that for each < i < A; — 1, {Qi, Pi) is a proper P-pair, ipi G Homjr(gj, A'^5(Pi+i)), and 
ifi{Pi) = Pj+i. Let 7" C 7" be the subset of those sequences in which each ifi is maximal, in 
the sense that it cannot be extended in J-" to a subgroup of Ns{Pi) which properly contains 
Qi. We give T the partial ordering by inclusion (of sequences of the same length with the 
same Pj's); then T is the set of maximal elements in T. Since J-" is "H-saturated, axiom (III) 
ensures that each element of T is contained in an element of T. 

We first check that T 7^ 0. Choose any cp G Isojr(P, P). Since J-' is "H-generated, there are 
subgroups Pi < Ri E H ioT < i < k, and morphisms 0j G Homjr(Pj, Pj+i) foi i < k — 1, 

such that Po = P, Pk = P, 0i(Pi) = Pj+i, and ip = (f)k-i\p^^ o ■ ■ ■ o 0i|p^ o 0o|po- For 
each i, let Pj+i = (j)i{Pi). Then Nii.{Pi) > Pi by Lemma IL12I (and since Ri > Pi). Set 
Qi = NR,{Pi) and ifi = (j)i\Qi. Then {Qi,Pi) is a^proper P-pair, ipi G Homj-(gi, A^5(Pi+i)), 

and (Po, go, v^oi -Pl) gi) V'l; • • • ; -P/t) ^ "7"- Thus T 7^ 0, and T 7^ since each element is 
contained in a maximal element. 

Lemma [375l[a] ) applies in this situation by the extra hypotheses which were assumed. Hence 
for any ^ G T as in ([3]), fi extends to ip* G Homjr(gi*, A^5(Pj+i)*) for each i, and therefore 
to Qi* n Ns{Pi). The maximality of ifi implies that 

Q, = Q,'nNs{n). (4) 

The same argument applied to ip~^ shows that 

iPiiQ^) = iPiiQi)'nNsiPi+l). (5) 

Let 7^ C 7" be the subset of those for which there isnol<z<A; — 1 such that Qi = 

Ns{Pi) = p>i-i{Qi~i)- Let T y % be the "reduction" map, which for every 1 < z < A; — 1 

such that Qi = Ns{Pi) = ipi-i{Qi-^i), removes from the sequence the triple {Pi,Qi,ipi), and 
replaces ipi^i by the composite ifi o ifi-i. Since T 7^ 0, the existence of the reduction map 
R shows that % ^ 0. 

For each ^ G T, define 

no = {i = 0,...,k-l\Q,< NsiPi) and ipiiQ,) < NsiP^+l)}. 
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If ^ e r and /(O ^ 0, define 

A(O = .min{|g,-|}>(0,p). 

Since Autj-(S'o) is assumed to be finite, J-"* has finitely many J-'-conjugacy classes by Lemma 
13.2( c). so there are only a finite number of values that A(^) can take. 

Assume there is a sequence ^ G 7^ as in ([3]) such that /(^) = 0. For each < i < k, 
if Qi < Ns{Pi), then ipi{Qi) = Ns{Pi+i) since i ^ /(O, and hence g^+i < Ns{Pi+i) if 
i + 1 < A; - 1 since ^ is reduced. Thus \Ns[Pi)\ >\Qi\ = \Ns{Pi^\)\ > ■ ■ ■> \Ns{Pk)\ in this 
case, which contradicts the assumption that = P is fully normalized. Hence Qi = Ns{Pi) 
for each i < k, and ipk-i o ■ ■ ■ oip^ lies in Homjr(A^5'(P), Ns{P)) and sends P to P. 

It remains to show that there exists ^ G 7^ such that J(^) = 0. To see this, fix ^ G 7^ as in 
dS]) such that 7(0 7^ 0. We will construct f G 7; such that either /(f) = or A(0 > A(0- 
Since A(^) can only take finitely many values, this will prove our claim. 

Fix i G 7(0) set Pj+i = (fi{Qi), and choose a fully normalized proper P-pair {Ui, Vj) which 
is J-'-conjugate to {Qi,Pi) (hence also to (Pj+i, P^+i)). By (b), there are morphisms 

tPi G Rom^{NNs{p,){Qi), Ns{Vi)), and 9i G Rom^{NNs{p,+^){R^+l), Ns{Vi)) 
such that tpiiPi) = 9i{Pi+i) = Vi and ilJi{Qi) = 6i{Ri+i) = Ui. Upon replacing {Pi,Qi,(pi) by 

(Pi, N^sipdQi)^ Oi{NNsiP,+,){Ri+i)), e-') , 

we get a new sequence ,^1 G T. Upon applying axiom (III) again, we get a sequence ^2 ^ T 
where (Pj, Qi,ipi) has been replaced by 

{Pi,Q,,^i;Vi,Ri+i,9;') 

for some maximal extensions ipi of ■i/'j and 6'^ of 6i. Also, < Ns{Pi) and Pj+i < A'^5(Pj_|_i) 
since i G 7(0; so 

Qi > NNs{P^){Qi) > Qi and P^+i > NNs{p,+^){Ri+i) > Ri+i , 
and Qi* > Qi' and Pj+i* > Pi+i* by (jl]) and ([5]). In particular, \Q,i*\ > A(0 and |-Ri+i*| > 

Upon repeating this procedure for all i G 7(^), we obtain a new element ^' G T such that 
either /({') = or A(^') > A(0. Set f = R{^') G Then either 7(0 = or A(0 > A(0. 
Since the function A can only take a finite number of possible values, it follows by induction 
that there is ^ G 7^ such that I{C,) = 0. □ 

Very roughly. Lemma 14.41 allows us to reduce the proof of Theorem 14.21 to showing that 
the saturation properties hold for certain subgroups that are normal in the fusion system. 
This case is handled by the following lemma. 

Lemma 4.5. Let T be a fusion system over a discrete p-toral group S such that Autjr(5'o) 
is finite and condition (*) holds. Fix a subgroup Q ^ S , set 1-i = {P < S \ P > Q}, and 
assume 

(i) Q<J'; 

(ii) J-" is l-L-generated and Ti-saturated; and 

(iii) either Q is not -centric, or Onis{Q) H Op(Outjr(Q)) 7^ 1. 
Then Q is fully automized and receptive in T . 
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Proof. When F is a group containing a normal discrete p-torus P of finite index, we let Op(r) 
be the inverse image in F of the maximal normal p-subgroup Op{T /P) under the obvious 
projection. Equivalently, this is the largest normal discrete p-toral subgroup of F. Define 

Q = {xeS\c,e Op(Aut^(g))} . 

Then Q ^ S hy definition. We claim that Q is strongly closed in J-". Assume that x G Q is 
J-'-conjugate to y & S. Since Q is normal in J-", there exists ip G Homjr((x, Q), {y, Q)) which 

satisfies ip{Q) = Q and iIj{x) = y. In particular, ip o Cx o = Cy. It follows that y & Q, 
since G Op{AvLtjr{Q)). 

Note also that Q-Cs{Q) < Q, and Q/Q-Cs{Q) = 0ut5(Q) n Op(Out^(Q)). If Q is J^- 
centric, then this last group is nontrivial by (iii), and if not, then Q-Cs{Q) > Q hj definition. 
Thus Q > Q in either case, and so Q G "H. 

Consider the following statement: 

each (f G Aut jr[Q) extends to some if G Aut jr[Q). (6) 

We first prove that ([6]) implies the lemma, and then prove ([6]). 

Point implies the lemma: Since Q is normal in J-' and Q is strongly closed, each of 
them is the only subgroup in its J-'-conjugacy class. So Q and Q are both fully centralized and 
fully normalized in J-". Also, Q is receptive and fully automized in J-", since J-" is "H-saturated 
and = {Q} C U. 

By (E]), the restriction map from Autj-(Q) to Autj-(Q) is surjective, and so Aut5(Q) G 
Sylp(AutjF((5)) since Aut5(Q) G Sylp(Autjr((5)). Thus Q is fully automized in J-". 

Next we prove that Q is receptive in J-". Fix (p G Aut jr[Q). As usual, let N^p be the group 

of all g G Ns{Q) such that (pCgip~^ G Auts((5). By ([6]), extends to some G Antjr[Q). 
Consider the groups of automorphisms 

K = {xe AntsiQ) I x\q = Cx some x G A''^} 

i^o = {x e Aut^(Q) I xIq = Idg} < Aut^(g). 

By definition, for all x G A^^, we have {iI)CxiP~^)\q = x\q for some x ^ Aut5(Q). In other 
words, as subgroups of Aut(Q), 

< Ants{Q)-Ko. 

Now, Aut5(Q) G Sylp(Aut5(Q)i^'o) since Q is fully automized, so there are u G Aut5((5) 
and X G i^o such that ^^^^K) < Aut s{Q). Hence ^"^K < Auts(Q). Since Q is receptive 
in J-", x4^ ^ Autjr(Q) extends to a morphism ip defined on N^^ > Ng{Q) > N^, and 
"PIq = '^\q = V since x\q = Mq. 

Proof of ([6]): Since J-" is H-generated, each p G AutjF(Q) is a composite of automorphisms 
of Q which extend to strictly larger subgroups. So it suffices to show when if itself 
extends to some P > Q. 

Let X be the set of all subgroups P E % such that if> = (fig for some ip G HomjF(P, S). 
We are assuming that X ^ 0. We claim that 

Pex =^ NQp{P)eX. (7) 

Assume this, and fix Pi G X. If \QPi/ Pi\ < oo, then by repeated application of ([7]) and 
Lemma ri.l2[ we get that Q E X . If not, then \Q/Q\ = oo, and QoQ/Q is a nontrivial discrete 
p-torus. Set P2 = Nq^p^{Pi) and P3 = PsnQoQ- Then P2 G by (HD, Pi < P2 < QoA, and 
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P2 > Pi if P2 t- Qo by Lemma [HH So P3 > Q, and hence P3 G X. Now set P4 = iVglPa), 
so P4 G A* by ([7]) again, P4 > QoQ since QoQ/Q is abehan, hence [(5:P4] < 00, and Q E X 
by earher remarks. Since Q E X, ip extends to some (p E Homjr(Q, S), and <^(Q) = Q since 
Q is strongly closed in J-". This shows that ([7]) implies ([6]). 

It remains to prove ([7]). Fix P G A" C "H, and let G Isojr(P, P2) be an extension of 
ip. Choose some P3 G P"^ = P2"^ which is fully automized and receptive in J-". Notice that 
P3 > Q, since Q < J-" hj (i). Let "0 ^ Isoj-(P2,P3) be any isomorphism. Upon replacing ip 
hy o ip, we can arrange that P2 be fully automized and receptive. 

Consider the groups of automorphisms 

L={xE Aut^(P2) I x\q e Op(Aut^(g))} 

Lo = {xE Aut^(P2) I x\q = Wq} . 

Both L and Lq are normal subgroups of Autjr(P2). Also, L/Lq is a discrete p-toral group, 
since there is a monomorphism L/Lq ^ Op(Autjr(P2)). Since P2 is fully automized, Aut5(P2) G 
Sylp(Aut^(P2)), and hence Aut5(P2) G Sylp(L) and L = Ants{P2)Lo. 

Thus P2 is fully L-automized in J-". By Lemma [2.2( b). there are g E Ng{P2) = Nq{P2), 
X E Lo, and ^ G Hom^(Ar|'' (P)P, N§{P2)P2), such that iP\p = {Cgox)oip. Also, N^^{P)P = 
Ngp{P). Upon replacing i/) by oifj, we can assume that g = 1. Then iplg = iplq, and 
thus Nqp{P) ex. □ 

The following lemma combines Lemmas 14.41 and 14.51 

Lemma 4.6. Let T be a fusion system over a discrete p-toral group S such that Aut_7r(S'o) 
is finite and condition (**) holds. Fix a family "H ^ (5ub(S'), and a subgroup P < S which 
is maximal in &ub{S)\'H. Assume 

(i) "H is invariant under T-conjugacy; 

(ii) T-L is closed in &ub{S), and T is 1-i-generated and saturated; 

(iii) P En and P < Q < P' imply Q E H; and 

(iv) either P is not -centric, or Out5'(P) fl Op(Outjr(P)) ^ 1. 
Then T is {'HU P-'^) -saturated. 

Proof. By assumption, all overgroups of subgroups in are in "H. Since P-^ contains only 
finitely many S'-conjugacy classes by Lemma [4. 1^ there is a subgroup Q E P^ which is fully 
normalized in J-". By Lemma [4.4([cl) . for each Q E P^, there is xq ^ iiomjr[Ns{Q), Ns{Q)) 
such that Xq{Q) = Q- L^t A/" C "H be the family of all subgroups of Ns{Q) which strictly 
contain Q. We claim that the normalizer system Njr(Q) is A/"-saturated. 

For each Q E A/", the pair {Q, Q) is a proper P-^-pair. Let {Q' , P') be a proper P-^-pair 
which is J-'-conjugate to {Q,Q) and fully normalized in J-". Then Q = xp'{P') < Q" 
Xp'{Q') < Ns{Q), so Q" E M, and {Q", Q) is a proper -pair. Furthermore, since (Q', P') 
is fully normalized, and since xp' is a monomorphism, (Q", Q) is also fully normalized in 
J-". If a G Isojr((5, <5') is such that a{Q) = P', then {xp'\q') o a is a morphism in Njr[Q) 
which sends {Q,Q) onto {Q",Q). Hence by Lemma [4.4( 151). applied with with V = P"^, the 
subgroup Q" is receptive in J-" (hence in Njr[Q)), and is fully automized in Njr[Q). This 
shows that every Q E M is A^jr((5)-conjugate to some Q" E M which is fully automized and 
receptive in the normalizer fusion system. Axiom (III) holds for Njr[Q) with respect to the 
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family Af, since Af is closed under overgroups, A/" C and J-" is "H-saturated. Thus Njr[Q) 
is A/'-saturated. 

Conjugation by (xp)\p ^ Isojr(P, Q) sends Autjr(P) isomorphically to Autjr((5) and 
Auts(P) into Aut5(Q). So if P and Q are not J-'-centric, then (iv) implies that Outs{Q) H 
Op{Outjr[Q)) ^ 1. Thus by Lemma 14. 5^ Q is receptive and fully automized in Njr[Q). 
Hence Q is fully automized in J-". It is receptive in J-" since for each Q G P"^, there is an 
J-'-morphism which sends Q onto Q and Ns{Q) into Ns{Q). 

Axiom (III) holds for HU since it holds for "H and since no subgroup in P-^ contains 
any subgroups in "H. Thus J-" is ("H U P-^)-saturated. □ 

We are now ready to prove Theorem 14.21 The inductive Lemma IT6] would suffice to prove 
the theorem for fusion systems over finite p-groups. But for fusion systems over discrete 
p-toral groups, because our groups have infinite chains of subgroups, the results of Section 
3 are needed to allow an induction proof. 



Proof of Theorem \4-2\ Let ^ be the set of all closed families of subgroups /C C &ub{S) 
such that 

• /C is invariant under J-'-conjugacy, 

• P G /C and P < g < P' implies Q e IC, and 

• J-" is /C-saturated. 

We must show that &ub{S) G K 

Assume otherwise, and choose /Cq ^ for which ICq H T' contains the largest possible 
number of J-'-conjugacy classes. Set /Ci = {P < S \ P' G /Co}- Then /Ci G ^ by Lemma 
13.5( b). If /Ci ^ 6ub(5'), then J^* ^ /Co; let P be maximal among subgroups in G J-'*\/Co. 
Then P is maximal among subgroups in ©ub(S')\/Ci, /Ci U P"^ G by Lemma [4. 6[ and this 
contradicts the maximality assumption on JCq. □ 



5. Extensions of p-local compact groups 

The main result in this section is a version of \01\ Theorem 9] which describes how to 
extend a p-local compact group by a finite group. But before proving this, we need to show 
some of the basic properties of linking systems over discrete p-toral groups. All of the results 
in this section are generalizations of results in |01] or earlier papers about linking systems 
over finite p-groups. 

We first look at automorphisms of fusion and linking systems. The definitions are the 
same as in the finite case (e.g., |AOVt Definition L13]). 

Definition 5.1. (a) For any fusion system over a discrete p-toral group S, an automor- 
phism a of S is fusion preserving if there is an automorphism a of T which sends an 
object P to <y{P) and sends a morphism ip to a(pa~^ (after restricting a in the obvious 
way). Let Aut(S', J-") be the group of fusion preserving automorphisms of S, and set 
Out(5,J^) = Aut(^, J^)/Aut^(^). 

(b) For any linking system C over a discrete p-toral group S , an automorphism of cat- 
egories a: C — C is isotypical if for each P G Oh{C), a{6p{P)) = 6a{p){a{P))- 
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Let Aut[yp(£) be the group of is atypical automorphisms of C which send inclusions to 
inclusions. 

(c) Each 7 G Aut£(5') acts on the set Mor(£) by composing on the left or right with 7 and 
its restrictions. More precisely, for any ip G Mor£(P, Q), set 



1^ = 7lQ,7r(7)(Q) ° V G Mor£(P, 7r(7)(Q)) 



(1) 



and 



<^7 = <^°7U(7)-i(P),P e Mor£(7r(7) \P),Q). (2) 

(d) For each 7 G Aut£(S'), let G Aut[yp(£) be the automorphism which sends an object 
P to 7r(7)(P), and a morphism ip to 7(^97"-'^. Set 

Outtyp(£) = Aut[yp(£)/{c, I 7 G Ant c{S)} . 

The argument that Aut[yp(£) is a group in this situation is exactly the same as that used 
in |AOV[ Lemma 1.14] when S is finite. 

Proposition 5.2. Let (5, J-", £) be a linking triple, with structure functors 



Tr 



Oh{C) 



^7 . 



Fix a G Aut[yp(£). Let (5 G Aut(S') be the restriction of a to S under the identification 
S = 5s{S); thus a{5s{g)) = Ss{(3{g)) for all g E S. Then f3 G Aut(S', J-"). Furthermore, 
7T o a = f3 o -K, where /3 G Aut(J-') is the automorphism which sends P to f3{P) and (p to 

Proof. Clearly, a{S) = S, and hence a sends ^5(5') to itself. Thus /3 is well defined. 
For each P G Oh{C) and g E P, since a sends inclusions to inclusions, it sends 



l-P.S 



Sp(g) 




(y{P) > S 



Ssig) 



to 



a(P) > b . 



The first square commutes by axiom (C) in Definition II. 9[ so the second also commutes. 
Since restrictions in C are uniquely defined by Proposition lA.4l(ldl) . this shows that a{5p{g)) = 
Ss{l3{g))\a{P) = 5a{p)il3{g)). Hence 

5«(P)(/3(P)) = a(<5p(P)) = <5a(P)(«(P)) , 

where the second equality holds since a is isotypical. Thus «(P) = P{P) since Sa{p) is 
injective. 

Fix P,Q e Oh{C) and 4) G Mor£(P, Q), and set Lp = 7r{ij) G Homj-(P, Q). For each g E P, 
a sends 



Q 



&p{g) 



to 



Ofi(P) 



The first square commutes by axiom (C), so the second also commutes. By (C) again, 
Si3(Q){P{(p{g))) can be replaced by 6i3(^Q){7r{a{ip)){(3{g))), leaving the second square commu- 
tative. Since 5/3(q) is a monomorphism, and since morphisms in C are epimorphisms by 
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Proposition |A,4)Q, it follows that fi{^{g)) = 'iT{a{ip)){(3{g)). Thus 

7r(a(^)) = f3^f3-' = f^nW^'. (3) 

In particular, f3<^f3-^ e Hom^(/3(P), /3(Q)) for each P,Q e Ob(£) and ^ e Hom^(P,Q). 
Since Ob(£) includes all subgroups which are J-'-centric and J-'-radical, all morphisms in 
J-' are composites of restrictions of morphisms between objects of C by Alperin's fusion 
theorem in the version of |BLQ3t Theorem 3.6]. So /3<y9/3~^ G Mor(J-') for all (p G Mor(J-'), 
and (3 G Aut(S', J"). 

Thus there is a well defined functor /3 from J-" to itself which sends each P < S* to /9(P) 
and sends each (p G Homjr(P, Q) to PifP~^. This is an automorphism of the category J-" by 
the same argument applied to a~^, and 7roa = /3o7rby([2]). □ 

We are now ready to define the structures which will be needed to construct extensions of 
linking systems. 

Definition 5.3. Fix a linking triple {S,J^,C) and a finite group G. 

(a) An extension pair for C and G is a pair (r,r), where T is an extension of T =^ 

Aut£(S') <T by G, and where r: T > Aut[yp(£) is a homomorphism which makes 

both triangles in the following diagram commute: 

r : Aut;„(£) 




Fix an extension pair U = (F, r) forC and G. Let p: T y G be the surjection with kernel 

r. 

(b) Let Cu = ^(fr) category with Oh{Cu) = Ob(£), and with 

Mot{Cu) = Mor(£) Xr f = {Mot{C) x f) 

where {(p,'~f) ~ (</?', 7') if and only if there A G F such that if' = (pX and 7' = A~^7. 
Here, (fX is as defined in ([2]). When (p G Mor£(7(P), Q), the equivalence class of {(p,'-f) 
is denoted |<y5,7] G Mor^,^ (P, Q) • Composition in Cu is defined by 

Here, T{r])(ip) G Mor£(?77(P), ?7((5)) when ip G Mor£(7(P), Q) (where we write r]{P) = 
t{ti){P), etc.). 

Thus when U = (F, r) is an extension pair for C and G, {(pX, 7] = {ip, A7] in Mot{Cu) for 
all G Mor(£), A G F, and 7 G f . 

To show composition in Cu is well defined, we note that for all ip^ip E Mor(£), yU, A G F, 
and ?7, 7 G F with appropriate domain and range, 

[^/x,r/] o [(^A,7] = [V;/ior(r/)(^A),r/7] = [^^/i o r(r/)(^), (r/Ar/-^)r/7] 

= [V'/^°i"(^)M/^"\/^^A7] = [^or(/ir/)((^),/ir/A7] = [^/;, /ir/] o [y?, A7] 

The second equality follows from the commutativity of triangle (|) in Definition 15. 3[ and the 
fourth from that of (f). 
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We are now ready to state and prove the main result of this section. The following 
theorem is a generalization to p-local compact groups of [OIJ Theorem 9] (which in turn was 
a generalization of |BCGL02| Theorem 4.6]). 

Theorem 5.4 ( \01\ Theorem 9]). Fix a linking triple (S*, J-", £). Set "H = Ob(£), and 
assume it is closed under overgroups. Let 

T^(S) ^ C ^ ^ 

he the structure functors for C Set T = Aut'^(S'), and regard S as a subgroup ofT via the 
inclusion 6: T^^i^S) — > C Fix a finite group G and an extension pair U = (T, r) for C and 
G, and choose S G Sylp(r). Then there is a saturated fusion system T over S containing T , 
and a transporter system T associated to T and containing C, such that the following hold: 

(a) Ob(T) = "H == {P < S\P r\S & l-i], and this set contains all subgroups of S which are 
J^-centric and J^-radical. Also, T contains Ly as a full subcategory. 

(b) The group Y can be identified with Aut7-(S') in a way so that the inclusion of C in T 
induces the inclusion o/F = Aut'^(5') in T. 

(c) For each 7 G = r(7) G Aut[yp(£). 

(d) C is normal in T (cf. Definition \A.T\] . 

(e) The space \Cij\ is a deformation retract of \T\. The inclusion of geometric realizations 

l-^l ^ \^u\ (— \'T'\) is homotopy equivalent to a regular covering space X y \T\ with 

covering group G = F/F. 

Proof. The categories T and J-" will be constructed in Step 2, after preliminary constructions 
in Step 1. We show that T is a transporter system in Steps 3 and 4, and prove that J-" is 
saturated in Step 5. Finally we prove (d) and (e) in Step 6. 

Note that S = Op{T) G Sylp(F), since T/S = Aut-^{S)/6g{S) has order prime to p by 
Proposition lA. 4( 161). For each 7 G F, let G Aut(5') denote conjugation by 7 on 5 = 
Op(F) < F. By the commutativity of triangle (|) in Definition 15.3( a). this is the restriction 
to S of ^(7)^ G Aut(F). Hence by Proposition 15.21 Cy is fusion preserving (induces an 
automorphism of the category J-"), and r(7)(P) = c^{P) for all P El-L. To simplify notation 
below, we write 7(P) = r(7)(P) to denote this action of 7 on l-L. 

Step 1: Set Ci = Cu- Thus by Definition 15.31 Ob(£i) = Ob(£) = and 

Mor(A) = Mor(£) F = { |(/?, 7] | G Mor(£), 7 e F}. 

We claim that 

all morphisms in Ci are monomorphisms and epimorphisms. (4) 

For any |v5,7], |v2',7'], and \il>,ri\ with appropriate domain and range, 

|^,r/lo[^,7l = |^,r/lo|^',7l =^ o r(r/)(^), 7/7] = [V^ o r(r/)(^'), ^Yl 
=^ 3 A G F, ?77 = X^^ri^ and ip o T{ri){(p) = ip o T{ri){ip') o A 
=^ 7 = (?7"U?7)~S', and (/3 = v9'or(?7~^)(A), 
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where the second equahty in the last hne holds since morphisms in L are monomorphisms 
(Proposition IA.4T [gj)). Also, t{j]~^^{X) = rj'^Xr] by the commutativity of (|), so |v3,7] = 
[(^',7'], and hence lip,r]\ is a monomorphism. The proof that morphisms are epimorphisms 
is similar. 

Set Autr(>S) = {cj G Aut(S) | 7 G F}. Let J^i be the smallest fusion system over S which 
contains J-" and Autr(5'). Define 

TTi : £1 > T\ 

to be the identity on objects, while setting 7ri(|(y9,7]) = vf((/?) o c^. The proof that this is 
a functor (i.e., that it preserves composition) reduces to showing that the following square 
commutes 



7(p) ^7(g) 

for each <y9 G Mor'^(P, Q) and each 7 G F. By the above remarks, G Aut(S', J-") is the 
restriction to 5* of ^(7)^. By the last statement in Proposition [5?2l applied with a = r(7) and 
P = Cy, n o t{'-j) = o vf , where G Aut(J-') is such that c^(7f (</))) = Cy'K{ip)c~^ . Hence the 
square commutes. Since tti{Ci) contains J-"!^ and Autp(S'), and is closed under restrictions 
of morphisms to subgroups in n (Proposition Did])), VTi maps onto J^i\n,. 

We regard £ as a subcategory of Ci by identifying each morphism ip G Mor^(P, Q) with 
|<y9, 1] G Mor£j(P, Q). By construction, vf = tii\-^- For P < Q in H, the inclusion morphism 
'■p,Q = ^p,q(1) for ^ is also considered as an inclusion morphism in Ci. The existence 
of restricted morphisms in C (Proposition IA.4lldl) ) carries over easily to the existence of 
restricted morphisms in Ci, and they are unique by (j4]). 

For all P,Q en, define 

(5i)p,q: Ns{P,Q) > MoTc,{P,Q) 

by setting (5i)p,q(s) = IlsPs-\q,s]. When s G N^{P,Q), |i,p,-i,Q,s] = |5p,q(s),1]; and 
thus (5i)p,Q extends the monomorphism 5p^q from N^{P, Q) to Mor'^(P, Q), under the iden- 
tification of £ as a subcategory of £1. To simplify the notation, we write Si{x) = (5i)p,Q(a;) 
when P and Q are understood. 

We claim that for all P,Q e H, ip e Mor£^(P, Q), and x G P, 

(5i)Q(7ri(^)(x)) o ^ = o (5i)p(x). 
Set Ip = [v9,7], where 7 G F and if G Mor'^(7(P), Q). Then 

ijjo6i{x) = 1^,7] o [Idp,x] = |(^,7x] = |(p,c^(x)7] = [(^o5(c^(x)),7] 
= |5(^(^)(c,(x)))o^,7l = |5(7ri(V;)(x))o^,7] 
= |5(7ri(^)(x)), 1] o 1(^,7] = 5i(7ri(V;)(x)) , 

where the fifth equality holds by axiom (C) for the linking system £. 
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We next show that morphisms in C,\ have the following extension property: 

yP,Qen,^lje Iso£,(P, g), and P', Q' < S for which P<P',Q < Q', and 

(5) 

#i(P')V^~ < SiiQ'), there is a unique ■0' e Mor^, (P',g') where ?/^'|p,Q = ^■ 
Set = |(^,7], where (f G Mor^(7(P), Q). For all x E P', 

[y., 7l o iHx), 1] o 1^, 7]-! = 1^ o r(7)(5(x)) o 11 = 1^ o 5(c,(x)) o 1] G 5i(g') , 

where r(7)(5(x)) = (5(c^(a;)) by the commutativity of (|). Thus (p6{'y{P'))(p~^ < S{Q'), so 
(f extends to ip' G Mor^(7(P'), Q') by Proposition [XIJI . Set tp' = |v2',7]. Then V'|p,q = 
since r(7)(ip.p') = L^(^p-j^^(^pi^ (i.e., r(7) sends inclusions to inclusions), and this proves ([5]). 

Step 2: Throughout the rest of the proof, for each P < 5, we set P = P fl 5*. We next 
construct categories T and J^2, both of which have object sets Ti, and which contain Ci and 
the restriction of J^i to "H, respectively. Afterwards, we let J-" be the fusion system over S 
generated by J-2 and restrictions of morphisms. 

Let T be the category with Ob(T) = "H, and where for all P, Q G "H, 

Morr(P,(5) = {^A G Mor£,(P,Q) I Vx G P, 3 ?/ G Q such that o = o ^Z-}. (6) 

If ip E Mor(T), then we denote the corresponding morphism in Ci by ip. Let 

6p,q: Ns{P,Q) > Morr(P,Q) 

<^Ns{P,Q) CMovc^{P,Q) 

be the restriction of (^i)pQ- Let J^2 be the category with Ob(J^2) = "H, and where 

Mor^2(P,Q) = {ipe Hom(P,Q) \3iP e Mov c,{P,Q), where ^ o (x) = 6i{ip{x)) o i^, Vx G P}. 

Define ir : T > J^2 to be the identity on objects, and to send ip G Mor7-(P, Q) to the 

homomorphism 7r{ilj){x) = y whenever iIjo6i{x) = 6i{y)oip (uniquely defined by and (j4])). 
This is clearly a functor: it is seen to preserve composition by juxtaposing the commutative 
squares which define vr on morphisms. 

Let J-" be the fusion system over S generated by J^2 and restriction of homomorphisms. 
Since = Ob(J-2) is closed under overgroups, J^2 is a full subcategory of J-". Since Ci is a 
full subcategory of T, B.omjr^{P,Q) = B.omjr,^{P, Q) for all P,Q eH. U P,Q < S are any 
subgroups and (p G HomjF(P, Q), then if is a composite of restrictions of morphisms in J-2, 
and hence (since P G Ob(J-'2) = implies P G Ti) a composite of restrictions of morphisms 

in J-2 (equivalently ^-"1) between subgroups in Ti. Thus ip G Homjr^(P, Q); and we conclude 
that J-*! is also a full subcategory of J-". 

Step 3: We next prove that 
each P eUis J'-conjugate to some P' eU such that 6p{Ns{P')) G Sylp(Autr(P'))- (7) 

Fix P E Ti. Let V be the set of all S^-conjugacy classes [Q] of subgroups Q G P^^ (recall 
P = P n 5) which are fully normalized in J-". (If Q is fully normalized in J-", then so is every 
subgroup in [Q].) By Lemma [2. 5[ |P| is finite and prime to p. 

We claim that in general, for each 7 G F and each Q,R E Ti, 

Q and R J^-conjugate <^=^ l{Q) and 7(P) -F-conjugate (8) 

Q and R ^-conjugate <^==^ l{Q) and 7(P) S^-conjugate. (9) 
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The first holds since 7 acts on L and hence on J-" as a group of automorphisms (Proposition 
15. 2p . and the second since < F. 

Let r' C r be the subset of those 7 G F such that 7(-P) G . Then for 71,72 G F', 
7i72(-P) G 7i(-P)"^ by ([8]) and since 72 (-P) G P"^, and hence 7172 G F'. By ([9]) and since each 
7 G F acts on S via the fusion preserving automorphism G Aut(S') as shown above, 7 

permutes the S-conjugacy classes of subgroups which are fully normalized in T . Thus each 
element of F' permutes the set V . 

Fix S' G Sylp(F'). Let 77 G F be such that S" == rjS'r]'^ < S. Since V has order prime to 
p by Lemma [2. 4[ there is some [Q] G V fixed by S'. In other words, for each 7 G S", 7(Q) is 
S-conjugate to Q. So by ([2]), for each s = rj^rj^^ G S" (where 7 G S*'), s{ri{Q)) is ^-conjugate 
to r}{Q;). Set = r]{Q). Then each coset in ^''/S* contains some element s which normalizes 
i?, i.e., the obvious homomorphism Ns"{R) S"/S is onto with kernel Ng{R). Since 5* and 
S have the same identity component, 

MNsim > IMNs^im = \MN-^iR))\-\S"/S\ = \noiN-^m\-\S'/S\ . (10) 

Since F' is the subgroup of elements of F which send P to a subgroup in its J-'-conjugacy 
class, 

|7ro(Autr(P))| = |7ro(Autr(P))| = |7ro(Aut^(P))HFVf | = |7ro(Aut^(Q))HF7f | . (11) 

Since Q is fully normalized in J-", S' G Sylp(F'), and S G Sylp(F), ( ITOl) and ( ITTl) imply that 
6^{Ns{R)) is a Sylow p-subgroup of Aut7-(P). 

Choose any ip G lso-j-{P,R). Then ilj6p{Ns{P))ip"^ is a p-subgroup of Aut7-(P). Choose 
X e Autr(P) such that {xi^)6p{Ns{P))ix^)~^ < 5j^{Ns{R)). By definition of the category 
r, extends to a morphism ^ G Morr(P, iVs(P)). Set P' = vr(^)(P). Then P' = R, P' 
is J-'-conjugate to P, and P' G "H since P' G "H ("H is invariant under J-'-conjugacy). This 
finishes the proof of ([7]). 

Step 4: We are now ready to show that T is a transporter system. For each P G "H, set 

P(P) = Ker[Autr(P) > Aut^(P)] . 

For each P, Q G Ob(T), -E'(P) acts on Mor7-(P, Q) by right composition and E{Q) by left 
composition. Both actions are free since all morphisms in Ci (hence in T) are monomor- 
phisms and epimorphisms by (j4j). We claim that irp^q is the orbit map of the action of P(P) 
on Mor7-(P, Q). Since every morphism in T (and also by definition in J-") factors uniquely as 
the composite of an isomorphism followed by an inclusion, it suffices to prove this when P 
and Q are J-'-conjugate. It thus suffices to prove it when P = Q, and this holds by definition 
of P(P). 

This proves axiom (A2). Axioms (Al) and (B) hold by construction, and (C) holds by 
definition of the functor tt: T — ?■ J-". It remains to prove axioms (I) - (III). 

Fix P G "H such that Sp{Ns{P)) G Sylp(Autr(P)). By ([7D, every subgroup in n is 

conjugate to some such P. Write G = Aut-j-^P), T = 6p{Ns{P)), and P' = Sp{P) for short, 
where 6p is injective by construction. Thus P' < T E Sjlp{G). Fix R G Sylp(A'^G(P')), and 
choose a G G such that aRa~^ < T. Then aRa~^ G Sjlp{NG{aP'a~^)), and so 

aP'a"^ < aRa~^ = NriaP'a^^). 
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Set Q = 6z\aP'a-^) < 6-\T) = Ns{P). Then Q is J'-conjugate to P, Ns{Q) < Ns{P), 
and so 

NTiaP'a-') = iV,_(^^(P))(5p(g)) = 5^{Nsm, and 

NaiaP'a"') = iV^^^^^-^(5-(g)) = Autr(g) . 

Thus 6q{Ns{Q)) G Sylp(Aut7-(g)), and this proves axiom (I). 
We next claim that 

P<P'<S, Q<Q'<S, ^Glsor(P,g), ij{6p{P'))ij~' <6q{Q') 

=^ 3 ^' G Morr(P', Q') with ip'lp^g = ^ ' 

Set ip = i^lpQ = [v^jTI; where (/? G Iso^(7(P),g) and 7 G F. By Proposition IA.4l!lfj ). ip 
extends in a unique way to 7(P')- Hence ip extends to some unique ip' G Mor£^(P', Q'). By 
definition of morphisms in T and the original hypothesis on ip, ip' extends to a morphism 
ip' G Mor7-(P', g') which extends ip. This proves (fT2|) . and thus proves axiom (II). 

It remains to prove axiom (III). Fix Pi < P2 < P3 < • ■ ■ in Ob(T) and tpi G Mor7-(Pj, S) 
such that for all i > 1, ipi = ipi+i o 5p. p.^j(l). Set P = IJ^^ Pj. Let G Mor(£) and 7^ G F 
be such that tpi = [y9j,7j for each i. Since |F/F| < 00, we can assume, after passing to 
a subsequence, that the 7^ all lie in the same coset F7. If 7^ = Ui'-f for some Ui G F, then 
ipi = [(/?jZ/j,7]; we can thus assume 7j = 7 for each i. But then ifi = V9j+i|p.^p^_^^ for each i, so 
by Proposition IA.4l1 hl) applied to C, there is G Mor^(P, S) such that ip\p ^ = fi for each 

i. Set = 7] G Mor7-(P, 5); then ip\p = ipi =^ ipilp, for each 

Fix g ^ P, and let ? be such that g G P^. Set h = Ti{ipP){g) G S. Then 6s{h)oipi = ipio6p.{g) 
by axiom (C) for T, so {6i)^{h) oip = ip o {6i)p (g) by (jl]) (the morphisms are epimorphisms 
in £1). Hence by definition of T, there is a unique morphism tp G Mor7-(P, 5) such that 
ip\p = Ip. By the uniqueness of extensions again, ip\p- = ipi for each i. 

Step 5: We are now ready to show that J-" is saturated. By Theorem 14. 2[ it suffices to 
prove the following statements. 

(i) The group Aut 77(5*0) is finite. 

(ii) For all P < 5, g < So, and <p G Hom^(P, Q), there exists ^ G Hom^(P-Cs(P)o, Sq) 
such that (f\p = if). 

(iii) "H is closed in (3ub(S'), and T is "H-generated and 7/-saturated. 

(iv) For all P G and P < g < P', g G U. 

(v) If P G is J-'-centric and P ^ "H, then there is g G P"^ such that 

Op(Out^(g)) n 0ut5(g) 7^ 1. 



Point (i) holds by construction (and since T is saturated). By Step 4 and Proposition IA.3 



T is "H-saturated; i.e., it satisfies the saturation axioms for subgroups in "H. It is also "H- 
generated by definition: each morphism in J-" is a composite of restrictions of morphisms 
between subgroups in Since "H is closed under overgroups and J-'-conjugacy, is closed 
under overgroups and J-'-conjugacy by definition, and this finishes the proofs of (iii) and (iv). 

If P < S*, g < 5*0, and f> G Homjr(P, g), then P < S since S is strongly closed in J-" (and 
'S'o = 'S'o). By definition of J^i, ip = x ° i' ioi some x ^ Autjr(S'o) (x = '^{l)\so for some 
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7 e r = Autr(5')) and some ip G Mor(J'). Set P' = ip{P) < So, and choose R e = P'^ 
which is receptive in J^. By |BL03t Lemma 2.4(a)], R < Sq, and there is G Autj.(5'o) 
such that w{P') = R. Since R is receptive, w oip extends to ip E B.om^{P-Cs{P)o, Sq), so ip 
extends to x o w^^ o ip. This proves (ii). 

It remains to prove (v). Let /C be the set of all P G J-"* such that the saturation axioms 
hold for subgroups J-'-conjugate to P and all of their overgroups. Since "H is closed under 
overgroups and J-'-conjugacy, /C ^ Ti*. Set /C' = J-'*\/C, and let /C' be the set of all P = PClS 
for P G JC'. We will show that for all P <S, 

P E K, oi P maximal in /C' ^> ^ holds for P (13) 

Having done that, we will prove that /C' = 0, so /C ^ J-"*, and hence (using f|T3|) ) that (|v]) 
holds for all P G J"'. 

We first show that 

P G /C or P maximal in /C' =^ 3 Q G P"^ such that Q is fully normalized in J-' . (14) 

If P is fully normalized, we are done, so assume otherwise. Let P' be J-'-conjugate to P 
and fully normalized in J-". Since J-" is saturated, P' is fully automized and receptive, and 
so byO^c), there is p G Hom^(Ar^(P), iV^(P')) such that p(P) = P'. Clearly, P < 5, so 
N^{P) > P. If P is maximal in K,', then by Lemma [3.5( b). the saturation axioms hold for 
all Q such that Q > P. So whether P G /C or P is maximal in JC', the saturation axioms 
hold for N^{P), N^{P'), and all subgroups of S which contain them. 

Set R = N-g{P), and let K = {a E Aut(P) | a(P) = P}. Set R' = p{R) and K' = 
''K. Choose R" < S and r G Iso_7r(P, R") such that R" is fully ^i^-normalized in J-", and 
set P" = r(P) and K" = '^K. Thus K' and /C" are the groups of automorphisms of R' 
and R" , respectively, which send P' and P" to themselves. By Lemma 12.2( b). there are 
automorphisms x' ^ Aut;^ (-R")' ^"^^ morphisms 

f E Hom^(iVj^(P), Nf{R!')) and p G Hom^(A^f (P'), Nf{R!')) 
such that flij = XT and p|r/ = x'^P^^- 

We claim that 

|iV^(P)| < |iVf (P')l < \Nf{R")\ < \N-,{P")\ . (15) 

Since P is not fully normalized in J-", R' = p{N^{P)) < N^{P'), and hence 

P'<A^^_(^,)(P') = A^f (^') 

by Lemma 11.121 This proves the first inequality in (fTSj) . The next one holds since p sends 
N^\R') into N^"{R"), and the last since all elements of iV5"(P") normalize W'. Thus P" 

is J-'-conjugate to P and |A^^(P")| > |A^^(P)|. If P" is not fully normalized in J-", then since 
P^ contains finitely many S'-conjugacy classes (Lemma 14. ip . we can repeat this procedure, 
until we find a subgroup Q which satisfies (fl^ . 

We are now ready to prove (I13p . Assume P is J-'-centric and P ^ "H (otherwise the 
statement is empty), and let Q be J-'-conjugate to P such that Q is fully J-"- normalized. 
Thus P ^ "H = Oh{C). Since by definition, a linking system must contain all centric and 
radical subgroups with respect to the underlying fusion system, either P and Q are not 
J-'-centric or they are not J-'-radical. If Q is not J-'-centric, then there is g E C^{Q)\Q (since 
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Q is fully centralized). If Q is not J-'-radical, then Op{AvX^{Q)) > lnn{Q) and is contained 
in the Sylow subgroup Aut^{Q) {Q is fully normalized), and thus there is G N^{Q)\Q 
such that Cg G Op{Aut^{Q)). In either case, 

g eQ'= {g e N^{Q)\cgeOp{Ant^{Q))} and g^Q, 

and hence Q' > Q. Also, Q normahzes Q' and QQ' > Q, so Nqqi{Q) > Q, and there is 
X G Q'\Q such that x G Ns{Q). For any such x, Cx ^ Inn(Q) since Cs{Q) < Q (recall P is 
J-'-centric), and Cx\q is in Op{Ant^{Q)). Also, since x G < S*, [x, S*] < S, and so c^; induces 

the identity on Q/Q. Thus Cx is in the subgroup 

t/ = |a G Autjr(Q) I «|q G Op{Aut^(Q)), a induces the identity on Q/Q} ^ Autjr(Q). 

Since the group of all a G Ant{Q) which induce the identity on Q and on Q/Q is discrete 
p-toral by Lemma I1.13[ and is contained in U with p-power index, [/ is a nontrivial normal 
discrete p-toral subgroup of Autjr((5), ^iid U < Op{Autjr[Q). Since x G N^{Q) \ Q, c^; 
represents a nontrivial element of Out5((5) r\0p{0ntjr[Q)), so ^ holds for P, and the proof 
of f fT3|) is complete. 

We want to show that /C' = 0. Assume otherwise; then IC' since P G /C' implies 
P G /C'. Choose Q to be maximal in /C', and choose P to be maximal among those P G /C' 
such that P = Q. Then P is also maximal in /C'. So by Lemma 13.5( b)). P is maximal 
among subgroups not satisfying the saturation axioms. By Lemma 14. 6[ this maximality of 
P implies that (jvj) does not hold for P. Since this contradicts (fT3l) . we now conclude that 
V = 0, and hence (by (pD) that (Ej) holds for all P eJ^'. 

Thus J-" is saturated. Also, (jvj) implies that "H contains all subgroups which are J-'-centric 
and J-'-radical. 

Step 6: By |BL03[ Corollary 3.5], J-"* contains all subgroups which are J-'-centric and 
J-'-radical, so they are all contained in "H by point (v) in Step 5. Point (a) holds by this 
together with the definition of "H = Ob(T). Point (b) holds by the definition of T in Step 
2, and (c) holds by the definition of composition (of morphisms between subgroups in T-t) in 
Step 1. 

Condition (i) in Definition I A. 71 (for the inclusion £ C 7") holds by (a), and since S is 
strongly closed in J-" by construction. Condition (ii) (the Frattini condition) holds by the 

construction in Step 1, and (iii) (invariance of £ under Aut7-(S')-conjugacy) holds by (c). 

Thus £ < r. 

Let r: T > T be the retraction r(P) = P and r{ip) = if with image Ci. There is a 

natural transformation of functors r y Idj- which sends an object P to the inclusion tp p. 

Hence |r| ^ Id|r|) and so \Cjj\ is a deformation retract of |T|. Also, the inclusion of \C\ into 

\Cu\ is homotopy equivalent to a regular covering with covering group G = F/F by |0V1 
Proposition A. 4], and this finishes the proof of (e). □ 



6. The category Autty^{C) 

Fix a p-local compact group {S,J^,C). Let Auttyp{C) be the groupoid with object set 
Aut[ (£) and with morphisms the natural transformations. Since a natural transformation 
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rj: a > /3 is determined by rjs ^ Aut£(S') (since a{S) = f3{S) = S), morphisms can be 

described as 

MoTAuUy,(c)i(y, /3) = { X e AntciS) \ = all G Mot{C) } 

= {xeAntciS)\P = c^oa}. (1) 

Thus X ^ Aut£(S') corresponds to a natural transformation t] with x = ''7s'- With this 
notation, composition of morphisms takes the form 




U)oX 



because 7 = c^^o/? = c^^oc^oa = Ci^ay^oa. Here, ooox is the composite of u and x in Aut£(S'). 

Composition in Aut[yp(£) gives Auttyp{C) the structure of a discrete strict monoidal cat- 
egory, where = a o /3, and where 

{a P)ia' ^ P') = {aoa' > /3 o /?') . (2) 

=X°Q:(x') 

This structure makes the nerve N'AutiyplC) into a simplicial group, and its geometric real- 
ization \Auttyp{C)\ becomes a topological group. The projection Auttyp{C) > Outtyp(£) 

induces a map of simplicial groups ^/Auttyp{C) -JH-^ Outtyp(£), where now Outtyp(£), by 
abuse of language, denotes the discrete simplicial group with vertex set Outtyp(£). This 
projection is explicitly given by 

pr(ao > oil > . . . > an) = K] (= ["i] = ■ ■ • = [aj) , 

and it sends 'n'Q{\Auttyp{C)\) isomorphically onto Outtyp(£). 

The evaluation functor Auttyp{C) x C > C induces an action of the simplicial group 

AfAuttyp{C) on the simplicial set AfC as follows. In dimension 0, AfoAuttyp{C) = Aut[yp(£) 
acts on MqC = Ob(£) in the obvious way. For x £ J^iAuttyp{C) and (p G Mor£(P, Q) = MiC, 

{a /3) (P Q) = (a(P) ) /3(g)), (3) 

and this extends naturally to higher dimensional sequences. The simplicial action induces 
an action of the topological group \Auttyp{C)\ on the space 

Our aim is to describe maps BG > B\N'Auttyp{C)\ via twisting functions (see, e.g., 

|Cul Definition 3.14]). We need to show that extensions of the type constructed in Theorem 
15.41 realize certain types of topological fibre bundles, and the relevant obstruction theory is 
encoded in the simplicial equalities that characterise the twisting functions. 

For any (discrete) group G, let S{G) denote the category whose objects are the elements 
of G, with a unique morphism between each pair of objects. Let B{G) be the category 
with a single object •, and with G as the automorphism group of that object. Then G 
acts on S{G) by translation, and the quotient category can be identified with B{G). The 
geometric realizations of S{G) and B{G) are the universal contractible free G-space EG, and 
the classifying space BG, respectively. 

For a discrete group G, we will use the simplicial set N'B{G)°'^ as a model for BG. This 
allows us to conveniently denote simplices in MnB{G)°^ by the usual bar notation 

r I I I 1 def / 01 02 Qn \ 

where Qi G G. We will generally omit the superscript "op" from the notation. More generally, 
for any small category C, we will consider the nerve of the opposite category as a model 
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for the nerve of C. Thus, for example, we consider face maps as 

do [Co i Ci i C2 ■ ■ • i C„ j = (Ci i C2 ■ ■ ■ i Cn ) , 

7 / , /l , /2 , fn \ / ,/l°/2 , fn \ 

dl [Co < Ci i C2 ■ • ■ i Cn) = [Co i C2 ■ ■ ■ i C„ j , 

etc. 

To each simphcial group K, one associates a simphcial set W{K) (cf. |Cul Definition 3.20] 
or [GJl § V.4]), by setting Wq{K) = *, 

Wn{K) = Kn-l X Kn-2 X ■ ■ ■ Kq for Tl > 0, 

and with face and degeneracy maps 

{Kn-2, ■ ■ ■ , K,o) if 2 = 

di{Kn-l, . . . , Ko) = { (di-iKn-l, ■ ■ ■ , (doKn-i) Hn-i-1, ■ ■ ■ , f^o) H < i < U 
(dn-lKn-l,. . . ,diKi) H 1 = H 

Si{Kn-l, . . . , Ko) = . . . , SoKn-i, 1, f^n-i-l, ■ ■ ■ , f^o) all < Z < n 

for Ki e Ki. Then ~ B\K\, and so we can take W{^/Auttyp{C)) as a simphcial 

model for classifying space of the topological group \Auttyp{C)\. 

A twisting function t from a simphcial set X to a simphcial group f/ is a collection of 
maps tn'- Xn — Un~i Satisfying certain identities formulated in |Cul Definition 3.14]. When 
X = UB{G) and U = AfAuttyp{C), a twisting function 0: AfB{G) — > MAuttyp{C) is a 
collection of maps 

: UnB{G) > J\fn-iAut,yp{C) (aU n > 1) 

satisfying the relations 

(t>n-i{dig) = di-i(t>n{g) ioT 2 < i < n, 

(pn-i{dig) = do(j)n{g)-(pn-i{dog) , ^ ^ 

0n+i(sjSr) = Si_i</)„(gf) for i > 1, 

(pn+l{sog) = 1 

for all n > 1 and all g G N'nB{G). Here, 1 denotes the identity element in MnAutx,yp{C) . 
To a twisting function </> = {</'n}n>i as above, one associates the simphcial map 

^: MB{G) > W{UAut,yp{C)) (6) 

where for each g = [gi \ ■ ■ ■ \gn\ G AfnB{G), 

fig) = {Mg), 4>n-i{dog), ^i{d';;-^g)) 

= {<Pn{[9l\ ■ ■ ■ \9n]), 0n-l([^2| • • • |^n]), • • • , 0l([^n])) • 

It is not hard to see that the simphcial equalities ([5]) are designed so that (p is a simphcial 
map. For example, ip commutes with the face maps by together with the face relations 

_ ^(i^-A if J < ^ 
"o"« ~ \ W+l 



dr ^ij>^ 



and formal manipulations. 

The following lemma will be needed. 
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Lemma 6.1. Fix a linking triple (S,J-',C), and an extension pair U = (r,r) for C and 

G. Let p: r y G be the surjection with kernel T =^ Aut£(5'), and let tjj: G > T he a 

regular section of p (i.e., tjj is a right inverse for p as a map of sets, andtuil) = 1). Define 
maps of sets 

t : G > Aut[yp(£) by setting t = t otjj 

v. G X G > Inn(£) such that t{g)t{h) = v{g, h)t{gh) M g.heG (7) 

X- G X G y Autc{S) such that tu{g)tu{h) = x{g,h)tu{gh) \/ g,h E G . 

Then the following hold. 

(a) For each g,h E G, v{g, h) = c^(^g^h) G Inn(£). 

(b) For each g e G, xi^,9) = xigA) = 

(c) For each g,h,ke G, xig, h)x{.gh, k) = t{g){xih, k))xig, hk). 

Proof. Part (a) follows by the commutativity of triangle (f) in Definition 15.3( a). and (b) is 
immediate from the definition of x- It remains to prove (c). 

By definition, 

(tu{g)tu{h))tu{k:) = xig,h)xigK k)-tu{ghk), 

and 

tu{g){tu{h)tu{k)) = k)-x{g. hk)Mghk) = t{g){x{h, k))-x{g, hk)Mghk), 

where the last equality holds because of the commutativity of triangle (l) in Definition l5.3( a). 
The claim now follows by the associativity of multiplication in F. □ 

We are now ready to show that for given C and G, there is a bijective correspondence 
between twisting functions from N'B{G) to N'Autty^{C) and extension pairs for C and G. 

Proposition 6.2. Fix a linking triple {S,J^,C) and a finite group G. 

(a) Let U = (r, r) be an extension pair for C and G, and lettu: G — F he a regular section. 
Then there is a unique twisting function (j) = tpjj: MB{G) — M Aut^jp{C) such that 

(i) for all g eG, To tu{g) = and 

(ii) for all g,heG, tu{g)tu{h) = (t)2{[g\h])tu{gh). 

(b) Let (j) = {(pn} be any twisting function from J^B^G) to M Aut^_yp{C) . There is an exten- 
sion pair U = (r, t), and a regular section tu- G — )■ F, such that (pu = 4>- 

Proof, (a) Let U = (F, r) be an extension pair for C and G, and fix a regular section 
tu: G — > F of the natural projection. Since a simplex in the nerve of a category is determined 
by its 1-faces, there is at most one twisting function (p which satisfies (i) and (ii). We will 
prove that such a twisting function exists. 

Define t: G ^ Aut[yp(/:), v. G x G ^ Inn(£) and x- G x G ^ Aut£(S'), as in ([7]). For 
9 = [gi\--- \gn] and i < j, write gij = gigi+i ■ --gj. Define by setting 



0n([^i|^2| • • -Ign]) = \ t{gi) < — '-^^ t{gi^2)t{g2) ^ <- 

=v{gi,g2)~^t{gi) 



Hfi'l,n-l)Hfi'2,n,-l) < t{gi^n)t{g2,n) 1 



='"(9i>92,n-i) ^t{gi) =v{gi,g2,„) ^t{gi)' 

The equalities between the objects hold by ([7]) (the definition of v). 
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The first and third relations in ([5]) clearly hold for 0. Also, 0n([fi'i| ■ ■ ■ \9n]) is the identity 
sequence if gi = 1, which implies the fourth identity in ([5]). Thus we need only check the 
second relation, namely that 

do(l)n{[9l\ ■ ■ ■ \9n]) ■ 0n-l([fi'2| " " " \9n]) = 0n-l ( [5'lfi'2 Ifi-S I ' " " \9n]) (9) 

for each gi, . . . ,gn G G. Each side of ([9]) lies in Mn-2Auttyp{C); i.e., a sequence of (n — 1) 
objects and (n — 2) morphisms. The objects on each side of ([9]) are the same, since 

t{9l,m)t{92,m)~^ °t{92,m)t{93,m)~^ = ^(fi'l,m)^(fi'3,m)~^ 

for all m > 2 (where we now set (73 2 = 1 and (72,2 = 92)- To show that the morphisms in the 
sequences coincide, we must show that 

{X{9l, 92,m)~^X{9l,92,m+l)) ' (x(fi'2, 93,m)~^X{92, 93,m+l)) = X(fi'l,2, 93,m)x{9l,2, 93,m+l) 

for all m > 2 (where again (73^2 = 1). By ([2]), the left hand side of this equation takes the 
form 

ixi9l, 92,m)~^ o X{gu g2,m+l)) ° (^(fl'l,m+l)t(5'i+l)) (x(fi'2, fl-S,™)"^ o X(5'2, S'S.m+l)) 

=Xi9U 92,m)~\i9l, 92,m+l) o C~^g^ g^ ^^^^t{gi){x{g2, 93,m)~\i92, 93,m+l)) 
=X{9li 92,m)~^t{gi){x{g2, 93,m))~^ o t(^l)(x(^2, ^3,m+l) )x(^l , ^2,m+l) (10) 
= {x{9i,92)x{9i92, 93,m)) \{91,92)X{91,2, 93,m+l) 
=X{9l,2, 93,mY^X{9l,2, 93,m+l) ■ 

Here, the first equality in (1101) follows from ([7]) and the definition of f , and the third follows 
upon applying Lemma [6.1( c) twice. This finishes the proof that is a twisting function. 

By construction, 01 ([(7]) = t{g) = t otu{g), and so satisfies (i). Upon setting n = 2 in 
dH]), we may identify (f)2i[g\h]) with x{9j h), and so (ii) holds by Lemma [6.11 

(b) Fix a twisting function 0, and define t: G > Aut[yp(£) by t{g) =^ 0i([(7]). Then 

t(l) = l. 

For each g,h E G, the formulas in ([5]) for faces of 02([5'|^]) take the form 
dM9\h]) = t{g) and d^(p2{\9\h]) = t{gh)-t{h)-^ . 
So there is x{9, h) G MiAuttyp^C) = Aut£(S') such that 

Mm) = (tig) tigh)tihy') . 

By (P, t{g) = c^^g^h) ot{gh)t{h)~^, and hence 

t{g)t{h) = c^^g,!,yt{gh) (11) 

Also, by the degeneracy relations in ([5]), for each g E G, x{9, 1) = 1 = xi^y9)- 
Similarly, for each g,h,k G G, (j)3{[g\h\k]) has faces 

d2M[9\h\k]) = Mm) , 

diM[9\h\k]) = M[9\hk]) , and (12) 

doMmm = M[9h\k])-M[h\k])-' 
by ([5]). Hence 03 ( [gf | | A;] ) takes the form 

M[9\h\k]) = {t{g) t{gh)tih)-' t{ghk)t{hk)-') 
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for some Xi ^ Aut£(S'). The second formula in (fT2|) implies that xi9i ^) °Xi = xid^ hk), and 
hence Xi = xio^ h)~^x{9i hk). The third formula in (fT2|) now implies that 

(^t{gh)t{hr' ("^^'"^""^'^''^^ t{ghk)t{hk)-').{t{h) t{hk)m-') 

= {t{gh),-^^^^t{ghk)t{k)-'). 
Hence by definition of the monoidal structure on Auttyp{C) (see ([2])), 

X{gh, k) = xig, hy\{g, hk)it{ghk)t{hky'){x{K k)). 
By ([n]), Cy^{g,hk)°t{ghk)t{hk)~^ = t{g). Hence 

t{g)){x{h,k)) 

= t{g){x{h,k))x{g,hk). (13) 

Now define T = Aut£(5') x G, with group multiplication 

{a,g)-{b, h) = {a-t{g){b)-xig, h), gh) 

for each g,h ^ G and each a, 6 G Aut£(S'). Define r : F y Aut[yp(£) by setting r(a, g) = 

Ca o t{g). For each g,h,k & G and each a,b,c ^ Aut£(S'), 

{{a,g)-{b,h))-{c,k) = {a-t{g){b)-xig, h)-t{gh){c)-xigh, k), ghk) 

= {a-t{g){b)-t{g)t{h){c)-x{9, h)-x{gh, k),ghk) 

= {a-t{g){b)-t{g)t{h){c)-t{g){x{h, k))-x{9, hk),ghk) 

= {a,g)-{b-t{h){c)-x{K k),hk) 

= ia,9)-{ib, h)-{c, k)) , 

where the second and third equalities follow from (ITT]) and (IT^ respectively. Thus mul- 
tiplication in F is associative, and F is a group, with the obvious identity and inverses. 
Similarly, 

r{{a,g)-{b,h)) = T{a-t{g){b)-x{g, h), gh) = CaoCt(g)(b) o c^^g^^) ot{gh) 

= Ca o t{g)cbt{gy^ o c^^g^h)t{gh) = Ca o t{g)cbt{gY^ o t{g)t{h) 

= r{a,g)T{b, h) , 

and so r is a homomorphism. 

The triangle (f) in Definition 15. 3p (a) commutes by definition of r. Triangle (|) commutes 
since 

(a,(7)(6,l)(a,(7)-i = {at{g){b)a-\l) = {r^a, g){b),l) e F 

for each {a,g) G F and each b G Aut£(S'). This shows that U '= (F, r) is an extension pair 
for C and G. 

Finally, for g E G, set tu{g) = {^,g) £ T- Then tu is a regular section of the obvious 
projection p: F — t- G. By the definitions, r{tu{g)) = t{g) = (j)i{[g]), while for g,h E G, 

tui9)tu{h) = (1, g)il, h) = {x{g. h),gh) = (xig, h), 1)-(1, gh). 

Upon identifying {x{g,h), 1) G F with 02([fi'|^]); we obtain (i) and (ii). □ 

A twisting function 0: MBiG) )■ AfAuttyp{C) determines a map BG — )■ B\MAuttyp{C)\ 

(see (j6])), and hence determines a fibre bundle over BG with fibre |£| and structure group 
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\Auttyp{C)\. This pullback bundle is the reahzation of a simphcial set E{(f)) = \C\ x^p BG: a 
twisted cartesian product which is described as follows (cf. [Cui (6.4)]). 

Definition 6.3. For any twisting function (p: MB{G) — t- N'Auttyp{C), let E^cf)) he the sim- 
plicial set with n-simplices E{(l))n = Mn£^ x N'nB{G), and with face and degeneracy maps: 



Mg) ^-do^^dog) if 2 = 
{di^, dig) if ? > 

Si{$, g) = isi$„ Sig) for alH 



for all ^ G A/'n'C and all g G MnB{G). Let p^: E{(f)) y MB{G) he the natural projection 

which maps a pair {^,g) G £"(0) to g. 

By |Cu[ §6.4], in the situation of Definition 16. 3^ p^ induces a fibre bundle \p^\ : |-E(0)| — )■ 
BG with fibre |£| and structure group \Auttyp{C)\. We want to identify the nerve of the 
extension Cu of Definition 15.31 with E{(f)) for the associated twisting function (p. Before we 
can do this, one more technical lemma is required. 

Lemma 6.4. Let X he a simplicial set such that for each n > 2, the map 

D„ =: X„ {(xi,X2) G X I dox, = (rfi)"-^(x2) G Xq} 

is a hijection. Then there is a category X with Ob(A:') = Xq and Mor(A') = Xi, where 
f ^ Xi is a morphism from d^f to dif and Id^ = SqX for x G Xq, in which composition 
is defined as follows. ///i,/2 G Xi are composahle morphisms (i.e., if d^fi = ^1/2^, then 
their composite is defined hy setting /i o /2 = dix, where x G X2 is the unique element such 
that D2{x) = (/i, /2). In other words, /i o /2 = di o D2^(fi, /2). Furthermore, MX = X as 
simplicial sets. 

Proof. For each < i < n, let e" : X„ y Xi be the "edge map" induced by the morphism 

[1] )■ [n] in A with image + 1}. Thus, for example, Cq = ^2, = (io, Cg = ((^2)"""'^ 

for n > 2, etc. 

For each n > 2, set 

MnX = {(/o, . . . , /„_i) G (Xi)" I rfo/. = for all < ^ < n - 2} : 

the set of n-tuples of composable morphisms. Set 

En = (e^, e^^, . . . , e^i) : X„ > M^X C (Xl)^ 

It is easy to check that E^ = (Id x D2) o (Id x D-^) o ■ ■ ■ o Dn, and so En is a bijection since 
the Di are. In particular, for each (/i,/2,/3) G MsX, there is a unique y G X3 such that 
E^iy) = (/i,/2,/3) = idly,d2doy,dly) = {d2d-iy , d^d^y , d^diy) , and 

{fi° f2) ° fz = did-iy o /g = didiy = did2y = fi o didoy = fi o {f2 o f^) . 

=d2diy =dodiy =d2d2y =dod2y 

The first equality follows since D2{d^y) = (^2*^32/, '^o'^s 2/) = (/i;/2), and the fifth since 
D2{doy) = {d^y, dodoy) = (/2, /s), the second and fourth equalities hold by definition of D2, 
and the third is a simplicial identity. This shows that composition in X is associative, and 
hence that A* is a category. 

Set Eq = Idxg, El = Idxi, E = {En}'- X > MX. By construction, E commutes 

with face maps on X„ for n < 2. We claim that dio En = En-i o di for n > 3 and < i < n. 
This is clear from the definition of En, when i = or i = n, since in these two cases do 
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and dn on A/'„A' are restrictions of the obvious projections po,Pn'- (-^i)" ^ (-^i)"""^- So 

assume < i < n, and consider the map 

where t is induced by the morphism [2] y [n] with image {i — + 1}. Then En = 

(Id, ((^2, c^o); Id) o T, while -En-i o di = (Id, c/i. Id) o T. In other words, for each x G X„ with 
-E'n(2^) = (/i, • • • , /n), we have En-i{dix) = (/i, . . . , o /i+i, ...,/„) = rfi(E„(x)). 

This proves that E commutes with face maps, and it is easily seen (by the choice of 
identity morphisms) to commute with degeneracies. Since all of the Ei are bijections, E is 
an isomorphism of simplicial sets. □ 

For any extension pair U = (F, r) for C and G, we let pr: Cjj )■ B{G) be the functor 

defined by setting pr(|(/?,7]) = ^(7). 

Proposition 6.5. Fix a linking triple {S,J^,C), a finite group G, and an extension pair 
U = (F,r) for L and G with a regular section tu: G — t- F. Let (j) = ipjj he the associated 
twisting function, as in Proposition \6 . ^ (a) . Then J^Cu = E{(f)), via a simplicial isomorphism 

which commutes with the projections to AfB{G). In particular, \Cu\ ^^"^"^ > BG is a fibre 
bundle over BG with fibre \C\ and structure group \Auttyp{C)\. 

Proof. We first claim, for each n > 2, that the map 

Dn = {dr\do): E{4>)n > {(%,^2) e E{4>), x E(0)„„i | doV^ = d^l^^r^^ G E{4>),] 

is a bijection. For ^ = (Pq ^ A ^ ^ Pn) and g = [gi\--- \gn\, 

Dnitg) = {{Po ^ Pi, [gi]) , {Mgr'-dot bl ■ ■ ■ \9n])) , 

and 

dr'iugr'-dot [92\---\9n]) = (Mdr'gr'-dr'dot*) 

= {M[9i]r'Pi,*) = do{Po ^ Pi,[9i])- 

For fixed g, Dn restricts to a function from MnC to the set of pairs {$,1, ^2) G A/i£ x J\fn-i£^ 
such that 

u[9i]r\d,i,) = dr'i,. (14) 

This function is in fact a bijection, since by f[T^ . the last term of ^2 is the first term of 
^i([5'i])~"'^('^o^i); and since (/)i([5fi]) is invertible. Since g = [gi\ ■ ■ ■ \gn] is determined by [gi] 
and dog = [92\ - ■ ■ \gn], it follows that Dn is a bijection. 

By Lemma [6. 4^ E{(f)) = M£{(j))^ where £{(j)) is the category with 

Ob(£'(0)) = E(0)o = Oh{C) X {*} and Mor(£((/.)) = E(0)i = Mor(£) x G , 

with source and target defined by d^ and o?i, respectively, with Id(p^^,) = So(-P, *) = (Idp, 1), 
and with composition defined by di oD^^. Let t and x be the functions associated to U and 
tu via ([7]) (we do not use v here). For each Lp G Mor£(P, Q) and g & G, 

d,{Q^P,[g]) = {M[9]r\P),*) = {t{9r\P),*), 
d,{Q^P,[g]) = {Q,*), 

so {^,g)eMoTsi^){{t{gy\P),*),{Q,*)). 

We next describe composition in S{(j)). For each 

r)={R^Q^P,[g\h])e E{<j>)2, 
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dit] = (v? o A, [gh]) and ^2^7 = {f, [g]), while 

dori = {M[9\h])-\Q ^ P)A9]) 

= {{tig) tigh)tihr'y'.{Q ^ P),[g]) 

= {t{g)-\Q)^tih)tighr\P),[g]) 
where by formula ([3]) for the action of MoT{Auttyp{C)) on Mor(£), 

A = {t{gh)t{h)-' t{g)) = tigm o x{g, h) . 

In other words, composition in £^(0) satisfies 

(</5, g) o {ijj, h) = {ifo A, gh) = {if o t{g){ip) o xig, h),gh) . (15) 

It remains to show that S{(j)) = Cu. By construction, each morphism in Cu has the form 

[<y9, t[/(5f)] for some unique (p and g. Define u: Cu y £{<P) by setting uj{P) = (P, *) and 

oj{l(p,tu{g)}) = ifig)- By (fT5|) . this preserves composition, and hence is an isomorphism of 
categories. □ 



7. The proof of Theorem A 

Before proving Theorem |A| we need one more result, which allows us to compare fibrations 
with fibre \C\p and fibre bundles with fibre |£|. 

Proposition 7.1. For each p-local compact group {S,J^,C) and each finite group G, there 
is a bijection $ from the set of equivalence classes of fibre bundles over BG with fibre \C\ 
and structure group \Autiyp{C)\ to the set of equivalence classes of fibrations over BG with 
fibre homotopy equivalent to \C\p: a bijection which sends the class of a fibre bundle to the 
equivalence class of its fibrewise p- completion. 

Proof. For any space X, let Aut(X) denote the space of its self homotopy equivalences. Let 
Q: \Auttyp{C)\ > Aut(|£|) and Q: \Auttyp{C)\ > Aut(|£|^) 

be the homomorphisms induced by the evaluation functor Auttyp{C) x £ >■ L and by 

p-completion. 

By |BGMt Theorem 5.6], equivalence classes of fibrations over BG with fibre \C\^ are in 
one-to-one correspondence with the set [SG, SAut(|£|p)] ^ of homotopy classes of pointed 
maps. Also, equivalence classes of |^uttyp(£)|-bundles over BG with fibre |£| are in one-to- 
one correspondence with the set of homotopy classes of pointed maps [-BG, i?|^uttyp(£)|]^- 

If a map /: BG \ B\Auttyp{C)\ classifies an |^uttyp(£)| -bundle ^/ with fibre then 

o / classifies the fibrewise p-completion of ^j. So we must show that the map 

$: {BG,B\Aut,yp{C)\\^ > [i?G,i?Aut(|/:|P)]^ 

is a bijection. 

By |BL03t Theorem 7.1], Vt induces a homotopy equivalence after (componentwise) p- 
completion. Hence i?Aut(|£|p) isthefibrewisep-completionof i?>lMttyp(£) over i?Out(|£|p) = 
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i?Outtyp(£), and there is a map of fibration sequences 

K{Z,2) > B\Auttyp{C)\ >EOuttyp(£) 

K{Z, 2)P > BAnt{\C\^) > BOut(|£|^) . 

Here, Z = Aut^u(jyp(£)(Id), and by ([T]) in Section 6, it can be identified as a subgroup of 
Z{S). (In fact, Z = Z{J^): the center of the fusion system J-".) Hence it is an abehan discrete 
p-toral group of the form Z = {7j/p°°Y x A for some finite abehan p-group A. 

By [BKl Proposition VI.5.1], K{Z/p°°,2)!^ ~ K{Zp,3), K{Qp,2)!^ ~ *, and K{Zp,2) is 
p-complete. Hence by the fibre completion lemma |BKt Lemma II. 4. 8], there is a map of 
fibration sequences 

K{Zp, 2) > K{Qp, 2) > J^(Z/p~, 2) 

= K 

K {Zp, 2) > * > A'(Zp, 3) , 

and so hofibre(K) ~ K{Qp,2). Thus K{Z,2)^ ~ K{{ZpY,3) x K{A,2), and the homotopy 

fibre of BQ is equivalent to hofibre(Kp) ^ K{{QpY,2). 

Since G is finite, H^{G; (QpY) = for all i > 1. Thus $ is a bijection by obstruction 
theory. □ 

Remark 7.2. In particular, we have shown that each class of fibrations over BG with 
fibre \C\p has a representative which is actually an |^Mttyp('C)| -bundle. In other words, the 
structure group of a fibration can always be reduced to \Auttyp{C)\. 

We are now ready to prove Theorem [Al in the following slightly more precise form. 

Theorem 7.3. Assume f : X y Y is a finite regular covering space with covering group 

G, where X ~ \C\p is the classifying space of a p-local compact group [S, J-", C). Then Yp is 
the classifying space of a p-local compact group {S,J^,C). Furthermore, there is a transporter 
system T associated to T and C such that C <T , and such that Aut7-(S')/Aut'^(S') = G. 

Proof. By Proposition 17. ![ there is a fibre bundle |£| E y BG with structure 

group \Auttyp{C)\ whose fibrewise p-completion is equivalent up to homotopy to the fi- 
bration X > X EG )■ BG. This bundle is classified by a map from BG to 

B\Auttyp(C)\ = \WAuttypiC)\. Since WAuttyp{C) is fibrant (cf. [GJl Corollary V.6.8]), 
we can assume that if is the realization of a simplicial map, and hence is determined by a 
twisting function 0. 

By Proposition 16.2( b). (p = (pu for some extension pair U = (r,r) with regular section 
tu: G -^T. By Proposition 16.51 \Cu\ = E as bundles over BG. In particular, there is a mod 
p equivalence from \Cu\ to X Xq EG ^ Y. 

By Theorem 15.41 there is a saturated fusion system J-' over a discrete p-toral group 5*, and 
a transporter system T associated to J-', such that £ < T, Aut7-(S')/Aut'^(S') = G, and such 

that |T| contains \Cu\ as deformation retract. Hence |T|p — \jCu\p ^ Y^. Let 7i C 7" be 
the full subcategory whose objects are the objects of T which are J-'-centric. Then Ob(7i) is 
invariant under J-'-conjugacy, closed under overgroups, and contains all subgroups which are 
J-'-centric and J-'-radical. Hence |7i|p — \T\p by Proposition IA.9( a). By Proposition IA.6t 
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there is a linking system Ci associated to 7i and to J-", with Ob(£i) = Ob(7i), and such 
that \Ci\p ^ \Ti\p- By Proposition lA. 12] there is a centric hnking system C associated to J-" 
which contains Ci as a full subcategory, and ^ l-^il^ by Corollary lA.lOl So ~ "K^, 
and this finishes the proof of the theorem. □ 



Appendix A. Transporter systems over discrete ^-toral groups 

Transporter systems are a generalization of linking systems, which were first defined (over 
finite p-groups) in |0V1) . We need them here in order to state our main theorem on exten- 



sions of fusion and linking systems (Theorem 15. 4p in sufficient generality. In the first half 
of this section, we define and prove the basic properties of transporter systems over discrete 
p-toral groups; especially those properties needed to prove and apply Theorem 15.41 

Afterwards, we give some conditions under which an inclusion of transporter or linking 
systems (one a full subcategory of the other) induces an equivalence or mod p equivalence 
of geometric realizations. We also prove that every linking system all of whose objects are 
centric can be embedded in a centric linking system. When it is a question of adding only 
finitely many conjugacy classes, these results can be proven using arguments similar to those 
already used in |BCGLOT| and |QV1| for linking and transporter systems over finite p-groups. 



What is new here (and makes the proofs harder) is the necessity of handling infinitely many 
classes at a time. 

Let G be a group, and let 1-L he a. family of subgroups of G which is invariant under 
G-conjugacy and overgroups. The transporter system of G with respect to T-i is the category 
Tu{G) with object set "H, and which has morphism sets 

Moirn{G){P. Q) = TciP, Q) = {xeG\ xPx'^ < Q} 
(the transporter set) for each pair of subgroups P,Q eH. 

Definition A.l. Let J-" be a fusion system over a discrete p-toral group S . A transporter 
system associated to a fusion system T is a nonempty category T such that Ob(T) C Ob (J-") 
is closed under -conjugacy and overgroups, together with a pair of functors 

ToHviS) ^ T ^ -F, 

satisfying the following conditions: 

(Al) The functor e is the identity on objects and the functor p is the inclusion on objects. 

(A2) For each P,Q e Oh{T), the kernel 

E{P) =^Ker [pp: Autr(P) — > Aut^(P)] 

acts freely on Mor7-(P, Q) by right composition, and pp q : Mor7-(P, Q) — )■ Homjr(P, Q) 
is the orbit map for this action. Also, E{Q) acts freely on MoTf{P, Q) by left com- 
position. 

(B) For each P,Q E Oh(T), Sp^q : Ns{P, Q) > Mor7-(P, Q) is injective, and the composite 

Pp,q ° £^P,Q sends g G iVs(P, Q) to Cg G Homjr(P, Q). 

(C) For all (p G Mor7-(P, Q) and all g E P, the diagram 



P—^Q 
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commutes in T . 

(I) Each -con jug acy class of subgroups in Ob(T) contains a subgroup P such that e p{N s{P)) G 
Sylp(Aut7-(P)); i.e., such that [KvLi'Y{P)\ep{Ns{P)y\ is finite and prime top. 

(II) Let if e Isor(P, Q), P <P < S, and Q <Q < S be such that (p o ep{P) o ip-^ < SqiQ) . 
Then there is some ip G Mor7-(P, Q) such that ip o epp{l) = ^(1) o ip. 

(Ill) Assume Pi < P2 ^ P3 < ■ ■ ■ in Ob(T) and tpi G Mor7-(Pj, S) are such that for all i > 1, 
ipi = o £^p,,p,_,_i(l)- Set P = IJi^i-Pj- Then there is ip & MoifiP, S) such that 
° ^Pi,p(l) = for each i. 

When P < Q are both in Ob(T), we write Lpq = £:pq(1), considered to be the "inclusion" 
of P into Q. By axiom (B), p sends lp^q G Mor7-(P, Q) to inclp G Horn jr(P, Q) (the inclusion 
in the usual sense). 

Proposition A. 2. The following hold for any transporter system T associated to a fusion 
system T over a discrete p-toral group S . 

(a) Fix morphisms ip G Homjr(P, Q) and ip G HomjF((5, P), where P,Q,R E Ob(T). Then 
for any pair of liftings ip G PQ^pi'4') and ipLp G p~p\{'^^), there is a unique lifting 
V ^ Ppq(v^) such that ip o ip = ipip. 

(b) For every morphism ip G Mor7-(P, Q), and every P*,Q* G Ob(T) such that P* < P, 

< Q, and p{ip){PtP) < Q^, there is a unique morphism ip^, G Mor7-(P*, Q*) such that 

i> ° i^p,p, = t'Q,Q, ° i'* ■ 

(c) For each ip G Mor(T), ip is an isomorphism in T if and only if p{ip) is an isomorphism 
in T . 

(d) All morphisms in T are monomorphisms and epimorphisms in the categorical sense. 

Proof. Point (a) follows from |OVH Lemma A. 7(a)], and (b) is a special case of (a). All 
morphisms in T are monomorphisms by |OVlt Lemma A. 7(b)] and since morphisms in J-" 
are monomorphisms. 

Uip e Morr(P, Q) is such that p{ip) G Isojf(P, Q), then by (a), there are ip' G Morr(Q, P) 
and Ip" G Mor7-(P, Q) such that ip oip' = Idg and ip' o ip" = Idp. Then ip = ipip'ip" = ip" is 
an isomorphism in T with ip' as inverse. This proves (c). 

It remains to prove that all morphisms in T are epimorphisms. Fix ip G Mor7-(P, Q) and 
ipi, ip2 G MoTf{Q, R) such that ipi o ip = ip2 o ip; we must show that ipi = ip2. Since ip is the 
composite of an isomorphism followed by an inclusion by (b) and (c), it suffices to prove this 
when P < Q and ip = Lpq is the inclusion. 

Assume we can show that p{'p>i) = p{<p>2)- By axiom (A2), ip2 = ^pioa for some a G E{Q). 
Hence 

ipio a o Lp^Q = (/?2 o Lp^Q = (pi o Lp^Q, 

SO a o Lp^Q = Lp^Q by (a), and a = Idg since E{Q) acts freely on Mor7-(P, Q) (axiom (A2)). 
Thus ipi = (p2. 

To complete the proof, we need to show that p(</?i) = p{<P2)- Assume otherwise, and let 
P < Q be the subgroup of aA\ g E Q such that p{(pi){g) = p{(p2){g). Then P < Nq{P) by 
Lemma \1.12\ and p{ipi)\j^^^p^ ^ p(v^2)|jvq(p) definition of P. So upon replacing P by P 
and Q by Nq{P), we can arrange that P < Q. 
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Set P' = p{(fi){P) = p{(f2){P)- By (b), ifi o lp^q = (f2 ° i-p,q has a unique restriction 
/5 = ^i\p,P' = ^2\p,P' £ Iso7-(P, P'). Fix X E Q, set yi = p{(pi){x), and consider the following 
two squares for each i = 1,2: 




^P' 



ep{x) 



P ' ^.P' 

The first square commutes by axiom (C), and the second square is defined to be a restriction 
of the first. Note that ep{x) sends P to itself because P < Q' . Note also that ep{x) is the 
restriction of eQi{x) since e is a functor (and since Luy = euy{l) for all f/ < V in Ob(T)). 
Hence the second square commutes by the uniqueness of restriction morphisms (point (b)). 
Thus epi{yi) = Spi{y2) = P oep[x) o I3~^. Since ep' is injective (axiom (B)), this shows that 
yi = y2- Since this holds for all x E Q, p{fi) = p{^2), contradicting our assumption that 
they are distinct. □ 

As usual, in the situation of Proposition IA.2r b). we write = ip\p^^Q, G Mor7-(P*, <5*), 
regarded as the restriction of ip. 

Proposition A. 3. For any fusion system T over a discrete p-toral group S, and any trans- 
porter system T associated to T , T is Oh{T)- saturated. 

Proof. Set 7/ = Ob(T) for short. By axiom (I) for T, each subgroup in "H is J-'-conjugate to 
some P such that ep{Ns{P)) G Sylp(Autr(P)). Hence 

Auts(P) e Syl,(Aut^(P)) and ep{Cs{P)) G Sjl^{E{P)) (1) 

where as usual, E{P) = Ker[Aut7-(P) > Autjr(P)]. In particular, P is fully automized 
in J-". 

We claim that P is also receptive. Fix any Q G P"^ and G lsojr[Q, P). By axiom (A2), 
there is ip E lsof{Q,P) such that Pq^p^^j) = f- Let A^^ < Ns{Q) be the subgroup of all 
g G NsiQ) such that ipcgif-^ G Auts(P). Then ipeQ{N^)ip-'^ < ep{Ns{P))-E{P). Since 
epiCsiP)) G Sylp(P(P)), ep{NsiP)) G Sj\p{epiNs{P))-E{P)). So there is x G P(P) such 
that 

ix^)eQ{N^)ix^)-' <epiNsiP)) . 
Axiom (II) now implies that there is tp E Moir{N^, S) such that ip o lq^n^ = Lp^s ° X'P^ ^iid 
so p('0) G Homjr(A'^, S) is an extension oi ip = p{ip) = p{x4^)- 

It remains to prove that axiom (HI) (for a fusion system) holds for all subgroups in "H. 
So assume Pi < P2 < P3 < ■ ■ ■ are subgroups in Ti, P = Ui^i-P«! f ^ Hom(P, S") 
is such that (pi =^ (p\p- G Homjr(Pj,S') for each i. For each i, E{Pi) contains a discrete 
p-toral group with index prime to p, and thus is an extension of a discrete p-torus by a 
finite group. Also, restriction defines a homomorphism from i?(Pj+i) to E{Pi), and this is 
injective by Proposition IA.2( d). We can thus regard the E[Pi) as a decreasing sequence 
of discrete-p-toral-by- finite groups, and any such sequence becomes constant, since discrete 
p-toral groups are artinian (see |BL03t Proposition 1.2]). In other words, there is such 
that for all j > i > N, the restriction of E{Pj) to E{Pi) is an isomorphism. 

For each i < N, choose ip'^ G Hom7-(Pj, 5") such that ipi = pp-^siS^'i)- Set ip^ = i^N- By 
(A2), for each i > N, there is Xi G E{Pn) such that xp^ = i'i\pff,s°Xi- We just saw that there 
is Xi G E{Pi) such that XiIpn = Xi- So if we set ipi = ip-oXi, then ipi\p^,s = ip'i\pN,s°Xi = ipN- 
Since morphisms in T are epimorphisms by Proposition IA.2( d). ^j+i|p. 5 = ipi for each 
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i > N, and by axiom (III) for T, there is ip & MoTf{P,S) such that iplp^^s = "^i for each 
i > N. Then p{'ip)\pi^s = fi for each i, so (p = p^ip) G Homjr(P, S). □ 

We next show that hnking systems over saturated fusion systems are transporter systems 
and characterize hnking systems among transporter systems. This is a generahzation to 
hnking systems over discrete j>-toral groups of |01t Proposition 4]. We wih first hst the 
properties of hnking systems that we need as a separate proposition that might be useful for 
future reference and then state the result as a corollary. 

Proposition A. 4. The following hold for any linking system C associated to a saturated 
fusion system T over a discrete p-toral group S . 

(a) For each P,Q e Oh{C), the subgroup E{P) = Ker [Aut£(P) > Aut^(P)] acts freely 

on MoTc{P,Q) via right composition, and Tfp^Q induces a bijection 

MoTc{P,Q)/E{P) ^Hom^(P,Q) . 

(b) The functor 6 is infective on all morphism sets. 

(c) The action of E{Q) on Homjr(P, Q) via left composition is free. 

(d) For every morphism ijj G Mor£(P, Q), and every P^.,Q^ G Ob(£) such that P* < P, 
Q* < Q, and 7r{ip){P^:) < Q*, there is a unique morphism '?/^|p,,q, G Motc{P*,Q*) (the 
"restriction" of ip) such that ip o tp^^p = lq^^q o 'J^|p,,q, • 

(e) If P e Oh{C) IS fully normalized in 7, then 5p{Ns{P)) G Sylp(Aut£(P)). 

(f) Let P <P < S and Q <Q < S be objects in C. Let G Mor£(P, Q) be such that for 
each g E P, there is h E Q satisfying ^ o o 6p{g) = 6^ ^{h) o ip. Then there is a 

unique morphism ip G Mor£(P, Q) such that ip\p^Q = ip. 

(g) All morphisms in C are monomorphisms and epimorphisms in the categorical sense. 

(h) Assume Pi < P2 < P3 < ■ ■ ■ in Ob(£) and ipi G Mor£(Pj, S) are such that for all i > 1, 
ipi = ipi+i\p.^s- Set P = Ui^i-fj- Then there is ip E Mor£(P, S*) such that ip\pi,s = V'i 
for each i. 

Proof. Points (a) and (b) are exactly the same as points (a) and (c), respectively, in |01t 
Proposition 4], and the proofs go through unchanged. The proof of (c) is contained in that 
of |01t Proposition 4(f)], again with no modification necessary. We prove the remaining 
points. 

(d) This is a special case of |BL03t Lemma 4.3(a)] (which is Proposition IA.2( a) for linking 
systems) . 

(e) For each P G Ob(£) which is fully centralized in J-", 

Aut^(P) ^ kutc{P)l6p{Cs{P)) and Aut5(P) = Ns{P)ICs{P) • 

Hence [Aut^(P):Auts(P)] = [kntc{P):5p{Ns{P))l since 5p is injective. If P G Ob(£) is 
fully normalized in J^, then Auts(P) G Sylp(Autj-(P)), and so 8p{Ns{P)) G Sylp(Aut£(P)). 

(f) The proof of existence of an extension ip is identical in our case to the proof of the 
corresponding statement |Qlt Propostion 4(e)]. It remains to prove uniqueness. 

Assume ipi,ip2 ^ Iso£(P, Q) are two extensions of tp. We must show that ipi = ip2- It 
suffices to do this when ip is an isomorphism, and also (after composing by an isomorphism, 
if necessary) when P is fully centralized in J-". 
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Fix X G P, set yi = 7r{ilJi){x), and consider the following two squares of morphisms in C: 



^qiVi) Sp{x) 

p — - — >Q p — I — >g 

The first square commutes by axiom (C), and the second square is defined to be a restriction 
of the first. Note that 6p{x) is the restriction of Sp{x) since 5 is a functor (and since 
i-u,v = f^i/y (1) for all ^ V in Ob(£)). Hence the second square commutes by the uniqueness 
of restriction morphisms (point ([d])). Thus Sqi^yi) = ip o 6p{x) oip"^ = (5q(i/2)- Since 6q is 
injective by (jb]), this shows that yi = ?/2- Since this holds for all x E P, Triipi) = TT{tp2)- 

By axiom (A) (and since P is fully centralized), = i^i ° ^pio-) for some a E Cs{P)- 
Hence 

^Q,Q °^ = ^2|p^Q = (^1 °'^p(«))|p,Q = ^1 °5p,p(a) = i^i\p^QoSp{a) = i^^^o^ o6p{a), 

so 5p{a) = 1 since E{P) acts freely on Motc{P,Q) by ([a]) (note that a G Cs{P))- Then 
a = 1 since Sp is injective by (jb]), and so ipi = ip2- 

(g) By |0V1[ Lemma A. 6], for each if G Mor(£), if is an isomorphism in C if and only 
if 7T{ip) is an isomorphism in J-". Hence by (d), each morphism in C is the composite of an 
isomorphism followed by an inclusion. So it suffices to prove that inclusions are monomor- 
phisms and epimorphisms. That they are monomorphisms follows from the uniqueness of 
restrictions in (d). 

By the uniqueness of extensions in (f), any inclusion ipg ioi P < Q is an epimorphism. 
Since a composite of epimorphisms is an epimorphism, this proves that lp^q is an epimorphism 
if P < Q with finite index. 

Assume this is not true in general. Then there are '0i,'02 £ ^soc{P,Q) and P^ < P such 
that ipi 7^ 1^2 and V'l I p. = ^2 | p* • Choose P* < Pi < P which is minimal among subgroups of 
P containing P* for which ipi\pj^ 7^ '^2|pi {S is artinian by |BL03t Proposition 1.2]). There 
is no proper subgroup P2 < Pi of finite index which contains P* (otherwise ipi\p2 = ip2\p2 
and the result follows from (f)), so Pi is the union of its proper subgroups which contain 
P*. In particular, tt{iI)i)\p^ = 7r('?/'2)|pi- The rest of the argument to show that ipi\pj^ = '?A2|pi 
(thus giving a contradition) goes through exactly as in the last paragraph of the proof of ([f|. 
(Note that we can easily arrange for P to be fully centralized.) 

(h) Assume Pi < P2 < P3 < • • ■ in Oh{C) and tpi G Mor£(Pj,5') are such that for each 
^ > 1, 'V'i = '4^i+i\Pi,s- Set P = IJi^i — '^{'^i) ^ Hom jF(Pi, S) for each i. Then 
ifi^i\p. = ifi for each i, so the union of the ifi is a homomorphism ip G Hom(P, S). By axiom 
(HI) in Definition 01 f G Hom^(P, S). 

By Lemma O^d), there is N such that P^* = P* for each i > N. Let Qn G {PnV be fully 
centralized in J^, fix z/ G Isojr(P;v, Qa^), and set Q = i^*{P). Thus E{Qn) = Sqj^{Cs{Qn)), 
each element of Cs{Qn) also centralizes Qm' by the uniqueness of extensions to Qn', so 
each element of E{Qn) extends to an element of E[Q), which implies that each element of 
E{Pn) extends to an element of E{P). 

Choose ip' G Mor£(P, S) such that vr (■?/'') = if. By axiom (A), there is xn £ E{Pn) such 
that ipN = 'ip'\ppf,s ° Xn- Let x ^ E{P) be such that x\pn — Xn, and set ip = ip' o x- Then 
'0|pjv,S' = ''P'\pn,s°Xn = i'N, and iplpi^s = i^i for each i: via composition with inclusions when 
i < N, and by (jgj) (morphisms in C are epimorphisms) when i > N. □ 
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We are now ready to show that all linking systems are transporter systems. 

Corollary A. 5. Fix a saturated fusion system T over a discrete p-toral group S. Then each 
linking system C associated to T is also a transporter system. Conversely, a transporter 
system T associated to T which contains all J-'-centric T-radical subgroups as objects, and 
such that the kernel subgroups E{P) are all discrete p-toral groups, is a linking system. 

Proof. Assume £ is a linking system associated to J-". Axiom (A2) in Definition lA.ll follows 
from Proposition IA.4(la][c]) . (B) and (C) follow from the corresponding axioms in Definition 
ll.9[ and (I), (II), and (III) follow from points (|e]), (jj), and (jh]), respectively, in Proposition 
IA.4I Thus £ is a transporter system. 

Assume now that T is a transporter system associated to J-" such that Ob(T) contains 
all J-'-centric J-'-radical subgroups of 5*. By axiom (A2), pp^q sends Mor7-(P, Q) surjectively 
onto Homjr(P, Q) for each P,Q E Ob(T), so every object of T is isomorphic in T to an 
object which is fully centralized. If P is fully centralized, then ep sends Cs{P) injectively 
to a Sylow p-subgroup of E{P), and hence E{P) = ep{Cs{P)) in that case since we are 
assuming that E[P) is discrete p-toral. It follows that T is a linking system associated to 
J^. □ 

Proposition A. 6. Let T be a saturated fusion system over a discrete p-toral group S . Let 
T be a transporter system associated to T , all of whose objects are -centric, which contains 
all J^-centric J^-radical subgroups of S. Then for every P G Ob(T), E{P) = Eq{P) x Z{P) 
for some Eq{P) < E{P) which is finite of order prime to p and normal in Aut-j-{P). There 
is a linking system L associated to T , defined by setting Ob(£) = Ob(T) and 

Mor^P, g) = Morr(P, Q)IE^{P) , 

and the natural functor T » L induces a mod p equivalence between the geometric real- 
izations and hence a homotopy equivalence |T|p — |£|p- 

Proof. By axiom (C), for all P G Ob(T), EiP^ commutes with sp{P) in the group Aut7-(P). 
Hence ep{Z{P)) = Sp{P) fl E{P) is central in E{P), and it has finite index prime to p by 
axiom (I) and since P is J-'-centric. So E{P) = Z{P) x Eq{P) for some unique Eq{P) < E{P) 
which is finite of order prime to p. 

It is now straightforward to check that £, when defined as above, is a quotient category 
of T (i.e., composition is well defined). Axioms (Al), (A2), (B), and (C) for a transporter 
system imply that C satisfies the corresponding axioms for a linking system, and thus is 

a linking system associated to J-'. The induced map of spaces |T| > \C\ is a mod p 

equivalence (and hence |T|p — |£|p) by |BLOH Lemma 1.3]. □ 

We next define normal transporter subsystems. Recall that for any fusion system J-' over 
a discrete p-toral group S, a normal subgroup 5 < 5* is weakly closed in J-' if for each g E S, 
g^ C S. In other words, no element of S is J-'-conjugate to any element of S'xS'. 

Definition A. 7. Fix a pair of saturated fusion systems T ^ T over discrete p-toral groups 
S < S , and let T T be associated transporter systems. Then T is normal inT (T ^ T) 

(i) S is strongly closed in T and Ob(T) = \P fl S* | P G Ob(T)}; 

(ii) for all P^Q E Ob(T) and ip G Mor7-(P, Q), there are morphisms 7 G Aut7-(S') and 

G Mor.^(7(P), Q) such that ip = o7|p^^(p); and 
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(iii) for all P,Q e Ob(T), G Mor;^(P, Q), and 7 G Autr(5'), 7|q,7(Q) ° ^ ° i\p\(p) 
Mor^(7(P),7(Q)). 

Here, in (ii) and (in), we write 7(-P) = p{'~f){P) and '^{Q) = p{'j){Q) for short. In this 
situation, we define 

r/r=Antr{S)/Ant^{S). 

Let T be a transporter system. A subgroup P G Ob(T) is defined to be T-radical if 
Op(Aut7-(P)) = ep{P). Wlien T is a linking system associated to J-", tlien P is T-radical if 
and only if it is T-centric and T-radical. If T = Ts{G) for a finite group G and S G Sylp(G'), 
then P < S* is T-radical if and only if it is a radical p-subgroup of G in the usual sense. 

Lemma A. 8. Let T be a saturated fusion system over a discrete p-toral group S, and let 
T be a transporter system associated to T. Let P G Ob(T) be a minimal object, let V be 
the T-conjugacy class of P, and let To ^ T the full subcategory with object set Ob(T)\'P. 
Assume that 

• P is fully normalized, 

• Ns{P)/P is finite, and 

• P is either not T-centric or not T-radical. 

Then the inclusion o/|7o| i'^to \T\ induces an isomorphism in mod p cohomology. 

Proof. Let $: T°p > Z(p)-mod be the functor which sends objects in V to Fp and other 

objects to 0, regarded as a subfunctor of the constant functor F^. By the minimality of P, 
and since the quotient functor F^/ $ vanishes on T, it follows that 

iJ*(T,Fp/$) = i/*(To,Fp) ^ i7*(|To|,Fp), 

where the second isomorphism holds because F^ is constant on To- Upon applying H*{T, — ) 
to the short exact sequence of functors associated to the inclusion of $ in F^, and using the 
above isomorphism, we conclude that if*(T, $) = H*{\T\, \To\,¥p). 

Let 0{T) denote the orbit category associated to T: the category with the same objects 
as T, and with morphism sets Morc)(7-)(P, Q) = MoT'y{P,Q)/Q, where Q = EqIQ) acts 
freely by left composition. The projection T — > 0{T) is target regular in the sense of |OVlt 
Definition A. 5(b)], so by |OVlt Proposition A. 11], there is a spectral sequence 

Ei' = W{0{Ty, H\-; $(-))) =^ W+^{T, $) . 

Since Ns{P)/P is finite, and [Autr(P):£:p(iV5(P))] < 00 by axiom (I) (recall P is fully 
normalized), Aut7-(P)/£p(P) is also finite. By |BL03t Proposition 5.4], and since $(Q) = 
for Q^r, 

H\0{T); H^{-, $(-))) = A* (Autr(P)/ep(P); H^{P; HP))) 

^ A^{Antr{P)/ep{P);H^{P;¥^)) 

for each i and j. If P is not T-centric (and since it is fully normalized), there is G Cs{P)\P, 
and the class of ep{g) 7^ 1 in Aut7-(P)/ep(P) acts trivially on H^{P;¥_p). If P is not 
T-radical, then Op(Aut7-(P)/£:p(P)) 7^ 1. In either case, by |JMOl Proposition 6.1(ii)], 
A*(Autr(P)/ep(P); H^{P;¥p)) = for each i and j, so 

H*{\T\,\ro\;¥,)=H*{T;<l>)=0. 

Thus the inclusion |7o| |T| induces an isomorphism on mod p cohomology as claimed. □ 
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Lemma [A. 81 gives us a tool for proving that under certain conditions, adding or subtracting 
one conjugacy class in a transporter system does not change the (mod p) homotopy type 
of its realization. However, more is needed when dealing with infinitely many conjugacy 
classes. One problem when doing this is that the "bullet functor" P ^ P' need not lift to a 
functor on a transporter system. This is why we need to assume the existence of a normal 
linking subsystem in the following proposition. 

Proposition A. 9. Let T be a saturated fusion system over a discrete p-toral group S , and 
let T be a transporter system associated to T . Let % C T be a full subcategory which is a 
transporter subsystem associated to a full subcategory J-'q C J^. Assume there is a normal 
linking subsystem C < T over a subgroup S < S of finite index, and let J-" C be the 
corresponding fusion subsystem. Assume also that either 

(a) all objects in C are -centric and Ob(7o) ^ Ob(T) fl Ob(J-''^); or 

(b) each object in Ob(T)\Ob(7o) is -centric and not T-radical. 

Then the inclusion of \Tq\ in \T\ is a mod p homology equivalence. 

Proof. For each P < S, we write P = P (1 S, and set = PP' (where (— )* means the 
bullet construction for J-"). By Lemma [3^ b). Ns{P) < Ns{P'), and since P < P, it follows 
that P normalizes P* (so P^ is a subgroup). Also, since P* < S, P^ = P-P* = P", and so 

For each P,Q E Ob(T) and each ip G Mor7-(P, Q), let tp = iplpg- Then ip extends to 

ip G Mor7-(P, Q) and to tp' G Mor7-(P*, Q*) (Lemma I3.5( [ai)). and hence by axiom (II) to 
ip"^ G Mor7-(P^, Q^). By the uniqueness of these extensions, V^^|p = ip, and thus (— )^ 
defines an idempotent functor from T to itself. 

Let C 7" be the full subcategory whose objects are those P such that P^ = P (and use 
the same notation for the corresponding subcategory of any sub-transporter system of T). 

For each P < S, P'^ /P' is a subgroup of order at most \S/S\ in A^5(P*)/P*, and by |BL031 
Lemma L4(a)], there are only finitely many conjugacy classes of such subgroups. Since J-"* 
has finitely many S-conjugacy classes of objects, T"^ also has finitely many S-conjugacy 
classes of objects. 

Let S) be the set of all transporter subsystems T' '^T such that 

• r D To, 

• T' is a full subcategory of T, and 

• the inclusion |7o| ^ |7~'| is a mod p homology equivalence in case (a), or a homotopy 

equivalence in case (b). 

We must show that T G i^. 

Assume otherwise, and choose 7i G for which Ob(7i) fl Ob(T^) contains the largest 
possible number of J-'-conjugacy classes. Let 72 C 7" be the full subcategory with Ob(72) = 
{P G Ob(T) I P^ G Ob(7i)}. By the above discussion, |7i^| = |72^| is a strong deformation 
retract of |7i| and of |72|, so |7i| — |72|, and T2 E Sj. 

Since 72 ^ T by assumption, Ob(T^) ^ Ob(72)- Let P be maximal among objects in 
not in 72- By definition of Ob(72), P is maximal among all objects of T not in 72- Let 
7i C r be the full subcategory with Ob(7i) = Ob(7^) U P^. 
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Now, Ns{P)/PCs{P) = Outs(P) is finite by |BL03l Lemma 2.5]. In case (a), PCs{P)/P 
is finite since P is J^-centric and [S:S] < oo, while Cs{P) < P in case (b). So \Ns{P) / P\ < oo 
in either case. 

By assumption, P is either not J-'-centric (case (a)) or not T-radical (case (b)). So by 
Lemma Fa. 8 1 the inclusion of |72| into iTs] is a mod p equivalence. Hence 75 G i), contradicting 
our maximality assumption on 7i. □ 

Corollary A. 10. Let {S, J-", C) be a linking triple, and let Cq ^ C be a full subcategory which 
is a linking subsystem associated to some J^q C J^. Then the inclusion of \Co\ into \C\ is a 
mod p homology equivalence. 

Proof. Since £ is a linking system, a subgroup P < 5 is £-radical exactly when it is J-'-centric 
and J-'-radical. So by definition, Cq contains all >C-radical subgroups. Hence the lemma is a 
special case of Proposition IA.9( b). □ 

It remains to look at the problem of constructing a centric linking system which contains 
as full subcategory a linking system over a smaller set of objects. As usual, we first check 
what happens when we add one conjugacy class of objects. 

Lemma A. 11. Let J-" be a saturated fusion system over a discrete p-toral group S , and let 
be the full subcategory of T -centric objects. Let J^o ^ -^i ^ be full subcategories such 
that Ob(J-'o) and Ob(J-'i) are invariant under T -conjugacy and closed under overgroups, 
contains all J^-centric T-radical subgroups of S , and Ob(J-'i) = Ob(J-'o) U V for some T- 
conjugacy class V. If Cq is a linking system associated to Tq, then there is a linking system 
C,\ associated to J^i such that Cq is isomorphic as a linking system to the full subcategory of 
Ci with same set of objects as Cq. 

Proof. This follows by the same proof as in |AKOt Proposition HI. 4. 8] (Steps 1-3), together 
with Lemma [2. 4[ 

Alternatively, let $ be the functor: <I>(P) = Z{P) when P e V, and $(P) = when 
P G Ob(Jo)- For Per, A* (Qut^( P); <^{P)) = by [JMOl Proposition 6.1(ii)] and since 
Op(Out^(P)) ^ 1. Hence by |BL03l Proposition 5.4], H^{0{J^i); $) = 0. By an argument 
similar to that used to prove |BL02t Proposition 3.1], the obstruction to extending Cq to Ci 
lies in H^{0{J^i); $), and hence Ci does exist. □ 

This is now generalized as follows. 

Proposition A. 12. Let be a saturated fusion system over a discrete p-toral group S, and 
let be the full subcategory of -centric objects. Let J^q C J^'^ be a full subcategory such 
that Ob(J-'o) is invariant under J^-conjugacy and closed under overgroups, and contains all 
-centric -radical subgroups of S. If Cq is a linking system associated to J^q, then there is 
a centric linking system C associated to ( associated to T'^) which contains Cq as a linking 
subsystem. 

Proof. Let Sj be the set of all families of subgroups "H C Ob(J-''^) such that 

• Ob(Jo), 

• "H is invariant under J-'-conjugacy and closed under overgroups, and 

• there is a linking system with object set "H which contains Cq as a linking subsystem. 
We must show that Oh{J-'^) E i^. 
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Choose "Hi G for which "Hi fl contains the largest possible number of J-'-conjugacy 
classes. Set = {P ^ Ob(J-''^) | P* G "Hi}, and let J-*! C ^ be the full subcategories 
with Ob(J-'j) = "Hj. Let £2 be the pullback of Ci and ^-"2 via the functors 

Then £2 is a linking system associated to J^2 (recall that Z{P) = Z(P')), and hence 7^2 ^ 

Assume Ob((J-''^)*)\'Hi 7^ 0, and let P be maximal among subgroups in this set. Then 
P is maximal among subgroups in Ob(J''=)\'H2, so 7^2 U P-^ G by Lemma [XTH and this 
contradicts the choice of 'Hi. Hence Ob((J-''^)*) C Hi, and so 7/2 = Ob(J-''^) G i^. □ 



References 

[AOV] K. Andersen, B. Oliver, & J. Ventura. Reduced, tame, and exotic fusion systems, Proc. London 

Math. Soc. 105 (2012), 87-152 
[AKO] M. Asclibacher, R. Kessar, & B. Oliver, Fusion systems in algebra and topology, Cambridge Univ. 

Press (2011) 

[BGM] M. Barratt, V. Gugenheim, & J. Moore, On semisimplicial fibre-bundles, Amer. J. Math. 81 (1959), 
639-657 

[BK] A. K. Bousfield & D. M. Kan, Homotopy limits, completions and localizations. Lecture Notes in 

Mathematics, Vol. 304. Springer- Verlag, Berlin-New York. 1972. v+348 pp. 
[BCGLOl] C. Broto, N. Castellana, J. Grodal, R. Levi, & B. Oliver, Subgroup families controlling p-local 

finite groups, Proc. London Math. Soc. 91 (2005), 325-354 
[BCGL02] C. Broto, N. Castellana, J. Grodal, R. Levi, & B. Oliver. Extensions of p-local finite groups. 

Trans. Amer. Math. Soc. 359 (2007), 3791-3858 
[BLOl] C. Broto, R. Levi, & B. Oliver, Homotopy equivalences of p-completed classifying spaces of finite 

groups. Invent, math. 151 (2003), 611-664 
[BL02] C. Broto, R. Levi, & B. Oliver, The homotopy theory of fusion systems, J. Amer. Math. Soc. 16 

(2003), 779-856 

[BL03] C. Broto, R. Levi, & B. Oliver, Discrete models for the p-local homotopy theory of compact Lie 
groups and p-compact groups, Geometry & Topology 11 (2007) 315-427 

[BL04] C. Broto, R. Levi, & B. Oliver, A geometric construction of saturated fusion systems. An alpine 
anthology of homotopy theory (proceedings Arolla 2004), Contemp. math. 399 (2006), 11-39 

[Cu] E. Curtis, Simphcial homotopy theory, Adv. in Math. 6 (1971), 107-209 

[DW] W. G. Dwyer, & C. W. Wilkerson, Homotopy fixed-point methods for Lie groups and finite loop 

spaces. Ann. of Math. (2) 139 (1994), no. 2, 395-442. 
[GZ] P. Gabriel & M. Zisman. Calculus of fractions and homotopy theory. Springer- Verlag (1967) 
[GJ] P. Goerss & R. Jardine, Simplicial Homotopy Theory, Birkhauser Verlag (1999) 
[G] D. Gorenstein, Finite groups, Harper & Row (1968) 

[JMO] S. Jackowski, J. McClure, & B. Oliver, Homotopy classification of self-maps of BG via G-actions, 

Annals of Math., 135 (1992), 183-270. 
[01] B. Oliver. Extensions of linking systems and fusion systems. Trans. Amer. Math. Soc. 362 (2010), 

5483-5500 

[OVl] B. Oliver, & J. Ventura, Extensions of linking systems with p-group kernel. Math. Annalen 338 
(2007), 983-1043 

[Q] D. Quillen, Algebraic A'-theory I, Lecture notes in mathematics 341 (1973), 77-139 
[RS] K. Roberts, & S. Shpectorov, On the definition of saturated fusion systems, J. Group Theory 12 
(2009), 679-687. 



48 CARLES BROTO, RAN LEVI, AND BOB OLIVER 

Departament de Matematiques, Universitat Autonoma de Barcelona, E-08193 Bellaterra, 
Spain 

E-mail address: broto@mat.uab.es 

Institute of Mathematics, University of Aberdeen, Eraser Noble Building 138, Aberdeen 
AB24 SUE, U.K. 

E-mail address: r . leviSabdn .ac.uk 



LAGA, Institut Galilee, Universite Paris 13, Av. J-B Clement, 93430 Villetaneuse, France 
E-mail address: bobol@math.uiiiv-parisl3.fr 



